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This paper extends the application of traditional implicit line smoothers to high-order 

continuous finite-element methods. It is shown that for high-order continuous finite-element 

discretizations, the interconnections of the degrees of freedom on an implicit line form a 

banded matrix which is wider than tridiagonal, but still can be factorized completely without 

generating any fill-ins. This point is then utilized to develop an implicit line preconditioner 

for Krylov solvers such as GMRES. To improve the robustness of the implicit-line 

preconditioner, a dual CFL strategy, with a lower CFL number in the preconditioner matrix, 

is developed. The developed implicit line preconditioner is employed within a high-order 

multilevel solver framework, in which the compressible Reynolds averaged Navier-Stokes 

(RANS) equations and negative Spalart-Almaras (SA) turbulence model are discretized, in 

a coupled form, using the Streamline Upwind Petrov-Galerkin (SUPG) scheme. In the 

developed framework, two nonlinear solution strategies, including an inexact Newton 

method and a p-multigrid scheme, are combined in various ways to devise robust, scalable 

and efficient solution techniques for reaching steady-state solutions. It is shown that for 

high-order solutions, the application of the p-multigrid approach before the Newton 

iterations can drastically reduce the number of nonlinear iterations required to reach full 

convergence. Two three-dimensional numerical examples including turbulent flows over an 

M6 wing, and a wing-body-tail configuration from the 4th AIAA Drag Prediction Workshop 

are presented in which the performance of the implicit line preconditioner and the multilevel 

solution technique is demonstrated. Results show positive steps toward development of 

scalable solution techniques.  

I. Introduction 

During the last few decades, there has been a growing interest in the development and utilization of 

stabilized finite-element methods for the solution of the compressible Reynolds-Averaged Navier-Stokes 

(RANS) equations on unstructured grids. The major characteristics of these methods are the continuity of the 

solution space and minimal cross-wind dissipation. The latter is obtained by a stabilization term which can 

be interpreted as a perturbation to the classical Galerkin weight functions, such that the up-winding effect is 

made in the characteristic directions; thus, these methods are also known as Petrov-Galerkin (PG) methods. 

In the field of computational fluid dynamics (CFD), PG methods are naturally compared with the traditional 

second-order finite-volume (FV) as well as the developing discontinuous Galerkin (DG) finite-element 

methods. Some of the advantages of PG methods over the FV methods are: (1) the use of nearest neighbor 

stencils to reach high-order discretizations, (2) the possibility of the high-order representation of the geometry, 

(3) more capable mesh adaptivity, and (4) less dissipative solutions, particularly on triangular (in 2D) and 

tetrahedral (in 3D) elements. Although some of these advantages are shared with DG methods, several studies 

have shown that for moderate discretization orders (less than 5), and for comparable accuracies, a PG scheme 
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requires significantly less computational resources than a DG scheme. In view of these advantages, PG schemes 

have been employed in several solver frameworks such as GGNS, PHASTA [1-4], FUNSAFE [5-9], FUN3D 

[10, 11], and the COFFE [12-15]. 

A major incentive for using finite-element methods in CFD is to benefit from high-order discretizations, to 

reach higher accuracies at lower computational costs. However, numerical experiments have shown that high-

order discretizations could result in extremely stiff problems, in both linear and non-linear aspects, which 

could annihilate the aforementioned incentive. This fact motivates the development of robust and scalable 

solution algorithms that can be effectively used on current and emerging high-performance computing (HPC) 

architectures. Seeking robustness, there has been a recent trend towards incomplete factorization methods, 

such ILU(k), generally used as preconditioners within Newton-Krylov algorithms. However, as shown in our 

previous work [16], due to their sequential nature these methods are not robustly scalable. Note that in the 

context of domain decomposition, factorization methods are most often applied locally within each partition; 

this leads to decreased convergence rates with increasing levels of parallelization. Consequently, the robustness 

offered by these methods on smaller problems may not be realized on larger problems. As we discussed in Ref. 

[16], multilevel and multigrid algorithms are powerful candidates to maximize the usage of current and 

emerging HPC systems, as they have the potential to be numerically optimal, and computationally scalable. 

These methods are generally designed such that the local errors are reduced by local smoothers on the finer 

levels of the multilevel sequence, while the global implicitness is achieved through reduced long-range 

communications on the coarser levels. Following the remarkable success of the multigrid algorithms in FV 

schemes, application of these methods in finite-element schemes have become an attractive topic for solver 

technologies. 

A major challenge to employing multigrid methods in complex CFD applications is the robustness issue. 

To alleviate this problem for high-order stabilized finite-element flow solvers, in our previous study [16] we 

developed a p-multigrid approach in which the solution on the mesh with the lowest polynomial degree (i.e. 

linear elements) is solved using a preconditioned Newton-Krylov algorithm based on the pseudo-transient 

continuation (PTC) method. In this approach, the solver on the coarsest level could be used as an exact or 

approximate coarse grid corrector (CGC) for the finer levels. To enhance the robustness, efficiency and 

scalability of the preconditioner on the coarsest level, an implicit line smoother with a dual CFL strategy was 

developed. It was shown that by using the dual CFL strategy, the developed line preconditioner can overcome 

the stability issues caused by high CFL numbers within the PTC algorithm during the solution of steady-

state problems. In that study, the performance of the line preconditioner was compared with an ILU(k) 

preconditioner and it was shown that the implicit-line preconditioner requires significantly less memory, can 

solve the problem faster, and its convergence behavior is independent of the number of partitions used in the 

domain decomposition. In that study, we also utilized the implicit line method on the high-order levels, both 

as a preconditioner for the GMRES solver within the PTC algorithm, as well as a smoother for finer levels of 

the multigrid algorithm. Although the implicit line method was found to be effective in both mentioned 

solution strategies, it was not developed in a comparable manner to the highest order of discretization. 

Meaning, the implicit lines on high-order levels only included the nodes that are shared with the lowest level, 

and thus, the smoothing on high-order degrees of freedom was done in a point explicit manner.  

In the present work, the previously developed line smoother is improved for high-order discretizations. It 

is shown that for high-order discretizations, the interconnections of the degrees of freedom on an implicit line 

form a banded matrix which is wider than tridiagonal, but still can be factorized completely without generating 

any fill-ins. Also, in this study, the application of the developed p-multigrid solver is extended to three-

dimensional problems, and the improved line preconditioner is tested on high-order discretizations. 
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The reminder of this paper is arranged as the following. First, the features of the developed flow solver for 

this study is briefly reviewed. Next, the governing equations and the PG discretization are described. Different 

solution methodologies and preconditioning techniques are described next, and finally, the numerical results 

and conclusions are presented. 

II. Description of the Flow Solver 

All the development in the present work has been done on the HOMA (High-Order Multilevel Adaptive) 

solver, which was initially introduced in Ref. [16]. In this flow solver, the compressible Reynolds averaged 

Navier-Stokes (RANS) equations can be discretized using a Petrov-Galerkin finite-element method. The lowest 

polynomial space is constructed using the Lagrange linear basis functions, and the higher-order spaces are 

built using the high-order Lagrange basis functions or a set of hierarchical basis functions. The solver is 

capable of handling two- and three-dimensional unstructured meshes with mixed element types. The time 

integration for steady-state and unsteady problems is fully implicit and the linearization is done exactly using 

the automatic differentiation (AD) technique. Unsteady problems are solved using the second-order backward 

difference formula (BDF2) scheme. For steady-state problems, a preconditioned Newton-Krylov method based 

on pseudo-transient continuation (PTC) [17], and a non-linear p-multigrid method based on the full 

approximation scheme (FAS) are used. For preconditioning of the linear systems, incomplete lower upper 

factorization with arbitrary levels of fill (ILU(k)), implicit line smoothers, and Additive Schwarz methods with 

various local solvers have been developed as the built-in options of the code. Also, the PETSc toolkit [18-20] 

has been integrated into the solver, through which the external packages as Hyper/BoomerAMG [21] and 

Trilinos/ML [22] are accessible for the preconditioning. 

III. Governing Equations 

The governing equations consist of the compressible Reynolds Averaged Navier-Stokes (RANS) equations 

coupled with the negative version of the one equation Spalart-Allmaras (SA) turbulence model [23]. In the 

conservative form, these equations can be written as 

 
∂�∂� + ∂��∂�� = 	 (1)

Here, the bold letters denote vector variables due to multiple equations, and 
 indexes the spatial dimension. 

Also, as seen in the following, ()⃗⃗⃗ ⃗⃗ ⃗ denotes a vector in ��� spatial dimensions. The vector of the conservative 

flow variables Q, the source term 	, and the flux vector �� which consists of inviscid and viscous parts, ��� 

and ���, are given by 
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where � is the density, ( is the static pressure, �� is the velocity component in the direction of the Cartesian 

coordinate ��, � is the specific total energy, ) = � + :; is the specific total enthalpy, and '�, is the Kronecker 

delta. With the assumption of a perfect gas, the pressure is related to the state variables by the constitutive 

relation, 

 ( = (< − 1) (�� − 12 �����) (4)

where < is the ratio of specific heats and it is set to 1.4. Also, +  is the shear stress tensor and - is the heat 

flux which are given by 

 

+�, = (0 + 06 ) (∂��∂�, + ∂�,∂�� − 23 ∂�@∂�@ '�,) 

-� = −B: ( 0DE + 06DE6 ) ∂G∂�� 
(5)

where DE = 0.72 and DE6 = 0.9 are Prandtl and turbulent Prandtl numbers, respectively. 0 is the dynamic 

viscosity which is obtained by the Sutherland’s Law and 06  is the turbulent eddy viscosity which is given by 

 06 = {� 1̃�1      ̃ ≥ 0
0           ̃ < 0   ,   1�1 = O3O3+QR13    ,   3 ≡ T̃T  (6)

where   is the kinematic viscosity and   ̃is working variable of the turbulence model. The function 12 in the 

diffusion term of the turbulence model equation is given by 

 12 =
⎩{⎨
{⎧1               ̃ ≥ 0B21 + 33

B21 − 33      ̃ < 0 (7)

The source term of the turbulence model equation is given by 

 56 = �(D� − U�) + BV2�/ ( 4 ̃4�

4 ̃4�
) − 1/ ( +  ̃) ( 4�4�


4 ̃4�
) (8)

where  

 D2 = {BV1(1 − 1Z2)5 ̃ ̃    ̃ ≥ 0
BV1(1 − BZ3)5 ̃     ̃ < 0     U2 = {(B^11^ − Q_1`2 1Z2)(T̃�)2      ̃ ≥ 0

−B^1(T̃�)2                     ̃ < 0 (9)

 5 ̃ =
⎩{⎨
{⎧5 + 5 ̅                      5 ̅ ≥ −B�255 + 5(B�2

2 5 + B�35)̅
(B�3 − 2B�2)5 − 5 ̅     5 ̅ < −B�25  (10)

Here, b is the distance to the wall and 5 is the magnitude of vorticity 

 5 = √d�d�   ,   e = f×h (11)

The remaining functions are 

 5 ̅ =  1̃�2i2b2    ,   1�2 = 1 − 31 + 31�1
   ,   1Z2 = BZ3j−Qk4O2

 (12)

 1^ = m ( 1 + B^3
6

m6 + B^36 )
16    ,   m = E + B^2(E6 − E)   ,    E = min (  ̃

5ĩ2b2 , Er
s) (13)
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And finally, the constants are / = 2/3, i = 0.41, B�1 = 7.1, B�2 = 0.7,  B�3 = 0.9, B21 = 16.0, BV1 = 0.1355,  

BV2 = 0.622, B^1 = Q_1`2 + (1 + BV2)/, B^2 = 0.3, B^3 = 2.0, BZ3 = 1.2, BZ4 = 0.5, and Ex�y = 10.0. 

IV. Discretization 

A. Spatial Discretization 

To start the discretization, the strong form of the problem is written as an initial boundary value problem:  

  

ℒ({) = 	 �⃗ ∈ Ω and � ∈ [0, ∞)    (14.a)

�� = ��V �⃗ ∈ Γ�  and � ∈ [0, ∞)    (22.b)

{(�, �) = {� �⃗ ∈ Γ� and � ∈ [0, ∞) (22.c)

{(�, 0) = {0(�)    �⃗ ∈ Ω    (22.d) 

where, Ω ⊂ ℝ2�� is a bounded domain with Lipschitz-continuous boundary Γ, ��V are the prescribed boundary 

fluxes through the Γ�  portion of the boundary, and {� is the Dirichlet boundary condition on the Γ� portion 

of the boundary, and the operator ℒ is defined as (see also Refs. [1, 2]) 

 ℒ ≔ [��] ∂∂� + [��� ] ∂∂�� − ∂∂�� (�ij ∂∂�,) (15)

where [��] = ∂�∂�  is the variable transformation matrix, [��� ] = ∂���∂�  is the Euler flux Jacobian matrix, and 

[��,] is the diffusivity matrix which is defined such that ��� = [��,] ∂�∂��. Here, { is the vector of the dependent 

variables, which may be chosen over the conservative variables � to facilitate the implementation. In the 

present work, it is the vector of state variables { = [�, ��, G ,  ]̃6 .  This choice is based on the need for modeling 

fluids with nonlinear equations of state that typically provide the pressure and other thermodynamic variables 

in terms of density and temperature. 

For discretization, Ω is approximated by a computational domain Ωℎ with piecewise-polynomial boundary Γℎ. Then, the finite element mesh �ℎ = {Ω1, Ω2, … , Ω2¡¢} is defined as the division of Ωℎ into a finite number 

of non-overlapping elements such that Ωℎ = ⋃ Ω¥2¡¢¥=1 . Accordingly, the boundary is partitioned as Γℎ =
⋃ Γ¥ ∩ Γ2¡¢¥=1 . Next, each element j is equipped with a polynomial order 1 ≤ D(Ω¥) = D ¥. At this point, spatial 

approximation spaces can be precisely defined as 

¨Zℎ ≔ {{|{(⋅, �) ∈ [ℋ1(Ωℎ)]2 , {(⋅, �)|Ω¡ ∈ [¯°¡(Ω¥)]2 , � ∈ [0, ∞) ∀j and {(⋅, �) = {�ℎ  on Γ�ℎ } (16) 

 ´ℎ ≔ {µ| µ ∈ ℋ1(Ωℎ); µ|Ω¡ ∈ ¯°¡(Ω¥) ∀j and µ = 0 on Γ�ℎ } (17) 

where ℋ1 is the usual Sobolev space of weakly differentiable functions, [ℋ1]2 is the corresponding space for 

vector functions with �· components, and ¯°  is the polynomial space, complete to the order D . Now, the 

discrete solution to the weak form of the problem can be expressed as: for any � ∈ [0, ∞) find {ℎ ∈ ¨Zℎ such 

that for all µℎ ∈ ´ℎ, 

 ∬ (µℎ[�-] ∂{ℎ ∂� − ∂µℎ
∂�� �� − µℎ	) bΩ

Ωℎ
+ ∫ µℎ(��V��) bΓ

Γ½ℎ
= ¾ (18)

where the superscript ℎ denotes discretized variables and �� are the components of the unit outward-normal 

on Γ. The discrete solution {ℎ is expanded as: 

 {ℎ = ∑ {�À�
2ÁÂ½

�=1
   on Ωℎ (19)
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where {�’s are the solution’s coefficients or the Degrees of Freedom (DOFs), À�’s are the basis functions for 

the finite-dimension space ¨Zℎ, and ��Ã�  is the dimension of that space as well as the number of DOFs. If 

the weight function µℎ is constructed using the same class as the solution basis functions À , the original 

Bubnov-Galerkin discretization is derived. It is well known that in situations where advection fluxes dominate 

diffusion fluxes, the original Galerkin method will suffer from spurious oscillations that lead to instability of 

the method. In present work, the Streamline-Upwind Petrov-Galerkin (SUPG) [24-26] scheme has been used 

for stabilization. In this scheme, a stabilization term is added to the Galerkin discretization as 

 
∬ (À[��] ∂{ℎ ∂� − ∂À∂�� �� − À	 bΩ) bΩ

Ωℎ
+ ∫ À(��V��) bΓ

Γ½ℎ⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
ÈÉx¥Ê@�2 ���QÊ¥Z�ËÉZ�Ì2

+ ∑ ∬ [Í¥] ([��] ∂{ℎ
∂� + ∂��∂�� − 	) bΩ

Ω¡

2¡¢

¥=1⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
ÎZÉV�x�ËÉZ�Ì2 6¥Êy

= ¾ (20)

 

In above equation, N has been used instead of w to emphasize that hereafter the weight functions are chosen 

from the same class as the solution basis functions. The stabilization term is calculated over all the elements 

in the computational domain. The value in the parentheses of this term is the residual of the original PDE 

and this is why these methods are known as residual-based stabilization methods [27]. The term [Í] is called 

the Perturbation to the test function space as it modifies the original Galerkin method to a Petrov-Galerkin 

method with À[Ï] + [Ð ] as the weight function [25]. For the SUPG method, 

 [Í¥] = [∂���∂� ] 4À4�� [Ó¥] (21) 

where [Ó] is called the stabilization matrix. It has the dimension of time and it can be obtained based on the 

eigensystem decomposition of the projection of the flux Jacobian matrices onto the spatial gradients of the 

basis functions. However, the stabilization may also be derived from flux-vector splitting formulations. 

Advantages of such an approach are that differentiability, positivity, and total enthalpy conservation can be 

maintained [28-30]. In the present study, only the stabilization based on eigensystem decomposition has been 

used [31] with viscous scaling similar to that described in Ref. [32]. This term for element j is given by 

 [Ó¥]−1 = ∑ ∣∂À,¥∂�� [∂���∂� ]∣2�¡

,=1
+ ∂À,¥∂�� [��@] ∂À,¥∂�@  (22)

where À,¥ and �� ¥ are the shape functions and number of modes within the element j, respectively. Here, a 

shape function within an element is considered as the restriction of a basis function to that element (see Ref. 

[33]). In the above equation, 

 ∣∂À,¥∂�� [∂���∂� ]∣ = [Õ][Ö][Õ]−1 (23)

where [Õ] and [Ö] denote the matrix of right eigenvectors and the diagonal matrix of absolute values of the 

eigenvalues of the left-hand side of the above equation, respectively. 

B. Initial and Boundary Conditions 

In this study, initial conditions are set to free-stream conditions except for the no-slip walls, where the no-

slip condition is applied. The non-dimensional value of the free-stream turbulence working variable   ̃is set to 

3 for fully turbulent flows [34]. 

Regarding boundary conditions, far-field, inviscid wall, and no-slip wall boundaries are considered. The 

walls are assumed to be adiabatic. For the far-field boundaries, the boundary flux vector ��V only includes the 

inviscid part and is constructed using the Roe scheme [35] based on the free-stream and interior state values. 

For inviscid walls, the boundary flux vector only takes the pressure from interior and thus ��V =[0, '1�(, '2�(, '3�, 0]6 . 
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V. Nonlinear Solution Techniques 

As mentioned in the introduction, the objective of the present work is development of robust, memory-

efficient, and scalable solution strategies and preconditioning techniques for high-order stabilized finite-

element methods. The focus is put on the steady-state solution techniques. In this section, the principal 

nonlinear advancement techniques are described. The first technique is known as pseudo-transient 

continuation (PTC) [17], which, in essence, is an inexact Newton method with a line search process to find 

an optimum relaxation factor for the update equation. The second technique is a nonlinear p-multigrid (PMG) 

correction method which has been developed based on the full approximation scheme (FAS). The PMG 

algorithm has been developed with a multilevel structure in which the PTC algorithm can be used a nonlinear 

smoother on the fine levels (D ≥ 2), or as a solver on the coarsest level (D = 1). In fact, the solver on the 

coarsest level performs as an exact or approximate coarse grid corrector (CGC) for the finer levels. Finally, it 

should be noted that at each nonlinear step, in both PTC and PMG algorithms, there is a linear solve. In the 

HOMA solver, the GMRES [38] method is used as the principal linear solver. The preconditioning techniques 

used for this solver are described in section VI. 

A. Pseudo-Transient Continuation (PTC)  

By applying a Petrov-Galerkin (PG) discretization on the spatial derivatives, the system of equations can 

be written in the following semi-discrete form:  

 [×ℎ] ∂{ℎ
∂� + Øℎ({ℎ) = ¾ (24)

where Øℎ  represents the spatial residual, and [×ℎ]  denotes the mass matrix. Applying the backward 

difference formula (BDF) on Eq. (24) results in the following implicit formulation: 

 ØÙÚℎ,2+1({ℎ,2+1) = [×ℎ]∆� ({ℎ,2+1 − {ℎ,2) + Øℎ({ℎ,2+1) = 0 (25)

where ØÙÚℎ,2+1  represents the unsteady flow residual at time step � + 1. This implicit system is then 

linearized using an automatic differentiation technique and the vector of the primitive variables is updated in 

a Newton-type iteration similar to that in Refs. [36, 37]. The linearized system and the update equation are 

given by 

 [Ýℎ,2({ℎ,2)]∆{ℎ,2 = −Øℎ,2({ℎ,2) (26)

 {ℎ,2+1 = {ℎ,2 + µÌ:Z∆{ℎ,2 (27)

where [Ýℎ,2] denotes the Jacobian matrix. µÌ:Z is a nominal optimum relaxation factor which is determined 

in a line search process. To accelerate the global convergence, the utilized Newton algorithm is modified to 

include local time-steps which are amplified by a CFL number. Thus, 

 [Ýℎ] = [ [×ℎ]CFL ∆� + ∂Øℎ
∂�ℎ] (28)

At small CFL numbers, the algorithm essentially becomes a simple time stepping method, whereas at high 

CFL numbers, the algorithm approaches Newton’s method. To enhance the robustness, a limiting relaxation 

factor µ;,6  is determined such that the relative changes in density and temperature are limited by maximum 

value, which is called á. Next, µ;,6  serves as the maximum relaxation factor during the line search that is 

used to determine the optimal relaxation value µÌ:Z. In this process, the RMS of the unsteady residual ØÙÚ2+1 
is evaluated at four relaxation factors: 0, µy�2,(µy�2 + µ;,6 )/2, and µ;,6 . The optimal value is found by 
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locating the minimum of a fitted cubic polynomial within the range of [0, µ;,6 ]. If a full step, as characterized 

by a relaxation factor of µÌ:Z = 1.0, is taken the CFL is amplified by the factor âã�ä . If the optimum 

relaxation factor falls below the minimal value µy�2, the step is rejected and the CFL number is divided by 5âã�ä. In other cases, the CFL remains at the previous value. For the results shown in the present work: á = 0.2, µy�2 = 0.1, and âã�ä = 1.5. 

B. Multigrid Correction 

For high-order (D ≥ 2) problems, the HOMA solver is equipped with a nonlinear p-multigrid (PMG) 

algorithm, which has been developed based on the full approximation scheme (FAS). In this approach, the 

coarser levels are formed by reducing the polynomial order of the function space while the number of elements 

in the computational mesh remains constant. The problem on the coarsest level (D = 1) is solved to the 

desired accuracy using the PTC algorithm, which was described in the previous subsection. The general 

concept of this algorithm is described in the following (see also Ref. [39]). Consider the solution of the discrete 

problem  

 åx{x = æx (29)

where, for a p-multigrid approach, the superscripts refer to the discretization order of the mesh level. The 

current estimate of the solution {x is denoted as {,̃x which is obtained by approximate solution of the above 

equation using an iterative method. The objective of the multigrid correction scheme is to calculate a 

correction for the approximate solution such that  

 {x = {x̃ + çx (30)

Since {x̃ does not satisfy the discrete problem exactly, a residual can be defined as 

 èx = æx − åx{x̃ = åx{x − åx{x̃ (31)

If å is a linear operator, the above equation can be written as 

 åxçx = èx (32)

Now if high-frequency errors in the solution have been eliminated by sufficient fine level smoothing cycles, the 

sought correction éx must be smooth and can therefore be computed more efficiently on a coarser level by 

solving the equation 

 åx−1çx−1 = êx̂x−1èx (33)

where the superscript r − 1 denotes the coarser level in the multilevel sequence. Also, êx̂x−1 is a restriction 

operator, which projects the residual vector from the fine level into the coarse level. The exact or approximate 

solution of éx−1 must be employed to correct the original solution on the fine level. This is done as 

  { ̃x,2¥^ = {x̃,2¥^ + êx−1x çx−1 (34)

where êx−1x  is a prolongation operator, which interpolates the coarse level corrections onto the fine level. Once 

the fine level values have been updated, they may be smoothed again by additional fine level iterations, and 

the entire process, which constitutes a multigrid cycle, may be repeated until convergence is attained.  
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If the operator åx is nonlinear, the difference åx{x − åx{x̃ in Eq. (31), can no longer be replaced by åxçx, and 

thus the above scheme must be modified. This is achieved by introducing a coarse level variable {x−1 defined 

as  

 {x−1 = êxx−1{x̃ + çx−1 (35)

where êxx−1 is a restriction operator for the solution variables. The coarse level correction equivalent to Eq. 

(32) can now be written as  

 åx−1{x−1 − åx−1êxx−1{x̃ = êx̂x−1èx (36)

It is useful to rewrite the above equation as  

 åx−1{x−1 = 	x−1 (37)

where 

 	x−1 = åx−1êxx−1{x̃ + êx̂x−1èx (38)

in above form, the coarse level equation is seen to take on a similar structure to the original fine level equation, 

with a modified source term. This enables the use of similar solution strategies for both coarse and fine levels. 

After the exact or approximate solution of the coarse level, the fine level variables are updated as 

 {x,2¥^ = {x,Ìx� + êx−1x ({x−1 − êxx−1{x̃) (39)

which can also be written as 

 {x,2¥^ = {x,Ìx� + êx−1x çx−1 (40)

In the above, the concept of the nonlinear multigrid correction was described for a two-level system. When 

the multilevel sequence includes more than two levels, the present procedure can be performed recursively on 

coarser levels. Algorithm 1 describes such an approach for a multilevel system. In this algorithm, r indexes 

the solution level, �x is the number of grid levels, which is set to the maximum polynomial order D , and �ìÈãíQ is the number of multigrid cycles. À5sîî�ℎjE denotes a non-linear smoother (see Algorithm 2), 

which is formed based on the linearized system in Eq. (26). ïð = {�ðx } is the number of non-linear residual 

updates, and ñò = {1òx } is the frequency of the Jacobian-matrix updates. In Algorithm 2, å5sîî�ℎjE denotes 

a linear smoother. Generally, for inviscid flows, this smoother is point Jacobi and for laminar flows, it is pre-

conditioned implicit line Jacobi (PILJ) which will be described in section VI.B. However, for difficult turbulent 

problems, it is useful to use the implicit line Jacobi as a preconditioner within the GMRES algorithm. By 

doing this, the linear smoother remains stable, even if the preconditioner becomes unstable (e.g. due to extreme 

stiffness and/or lack of diagonal dominancy). Note that in contrast to the classical linear smoothers (such as 

point Jacobi or implicit line smoother), which provide local updates to the solution, the Krylov solvers utilize 

a combination of global updates to minimize a specific norm and thus, they often do not have good smoothing 

properties. This problem can be alleviated by using the classical smoothers as the preconditioner for the 

Krylov methods. In the HOMA solver, the PTC algorithm (equipped with a preconditioned GMRES) is tuned 

to be used as the nonlinear smoother. A notable difference with the usual use of the PTC algorithm is that 

for multigrid iterations, the CFL number is either kept constant or grown slowly (e.g. â = 1.1). By doing this, 

the PTC works like a smoother rather than a solver. 
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Algorithm 1. Non-Linear P-Multigrid (V-Cycle): {2¢ = Dóô(�x, �ìÈãíQ, ïð, ñò , ïÌ, ï�, e, {2¢,0)  
 0: # This algorithm uses Full Approximation Scheme (FAS) for non-linear multigrid iterations # 

 1: for õ = 1, �ìÈãíQ 
 2: # Pre-smoothing # 

 3:    for r = �x, 2,−1     # Descending counter # 

 4:       {x = À5sîî�ℎjE(�ðx , 1òx , �Ìx , ��x , dx, {x,0, 	x)  # See Algorithm 2 # 

 5:       {x−1,0 = êxx−1{x 
 6:       	x−1 = Øx−1(êxx−1{x)+êx̂x−1Øx({x) 
 7:    end for 

 8: # Solve the coarsest level problem # 

 9:    {1 = 5îréj({1,0, 	1)   # Using PTC # 

10: # Prolong the coarse level correction to the fine level and update the fine level solution# 

12:    {x,0 = {x + êx−1x ({x−1 − {x−1,0) 
13: # Post-smoothing # 

14:    for r = 1, �x 
15:       {x = À5sîî�ℎjE(�ðx , 1òx , �Ìx , ��x , dx, {x,0, 	x)   # See Algorithm 4 # 

17:    end for 

18: end for 

19: return {2¢ 
 

Algorithm 2. Non-Linear Smoother: {2ö = ÷øùúúûüýþ(�ð, 1ò , �Ì, ��, d, {0, 	) 
1: for õ = 0, �ð − 1 

2:    if (õ%1ò == 0) [Ý] = [Ý({@)], [Í] = [Í({@)] 
3:    Ø̂@ = −(Ø({@) − 	) 
4:    b� = å5sîî�ℎjE(�Ì, ��, d, [Ý], [Í], Ø̂@)  # Linear smoother or linear solver# 

6:    Use a constant relaxation factor or perform a line search to find the optimum relaxation factor dÌ:Z 
7:    {@+1 = {@ + dÌ:Zb{                               
8: end for 

9: return {2ö 

In our previous work [16], we employed the developed multigrid algorithm to solve the Euler equations on 

a two-dimensional problem, and obtained an h- and p- independent convergence behavior. This methodology 

was demonstrated for hierarchical quadratic and cubic elements. In the present work, the algorithm is extended 

to three-dimensional problems. However, this time, only quadratic elements (with Lagrange basis functions) 

are studied. Also, it should be noted that the restriction and prolongation operators have been obtained using 

Galerkin projection and simple interpolation, respectively. 

1. Remarks on Domain Decomposition 

For parallel implementation, first the P2 level is partitioned and then, the P1 partitions are generated by 

reducing the polynomial order of the P2 partitions. Using this approach the restriction and prolongation 

processes can be performed locally in each partition. However, note that the load balance during the 

partitioning process is done based on the P2 level. An alternative approach is to partition the P1 level 

independent from the P2 level. Although such approach might result in a better load balance for solution on 

the P1 level, it may cause a notable increase in communication for restriction and prolongation operators. 

Also, it can drastically complicate the implementation. In this study, by testing several two- and three-
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dimensional test cases, we realized that the load imbalance (for P1 level) caused by the first approach is 

negligible. 

VI. Linear Preconditioners and Smoothers 

Preconditioners and smoothers are some of the building blocks of the linear solvers/smoothers within the 

PTC and PMG algorithms (see Eq. (26)). This section describes the details of the techniques which have been 

developed in the present work for this purpose. As mentioned earlier, for difficult turbulent flows, the linear 

system in Eq. (26) is solved using preconditioned GMRES [38] method.  

A. Incomplete Lower Upper (ILU) Factorization  

The first preconditioner considered is Incomplete Lower Upper factorization with k level of fills, which is 

also known as ILU(k) [40]. To reduce the number of fill-ins in this approach, the degrees of freedom can be 

reordered using Reverse Cuthill–McKee (RCM) algorithm. As mentioned in the introduction, in the context 

of domain-decomposition, most often incomplete factorization methods are applied locally within each 

partition. Thus, the coupling between partitions are lost and the convergence rates are decreased with 

increasing levels of parallelization. Therefore, the robustness offered by these methods on smaller problems 

(or fewer partition numbers) may not be feasibly reachable on larger problems (or higher partition numbers). 

In our previous work [16], we showed that implicit line smoothers can be reliable substitutes for incomplete 

factorization methods. 

B. Implicit-Line Smoother 

The block Jacobi smoother is extensively used in the numerical solution of the linear systems, either as a 

stand-alone solver, or as a preconditioner for linear solver accelerators such as GMRES. Besides its simplicity, 

a great advantage of the Jacobi smoother is its parallel scalability. However, it is well known that, due to its 

pure explicit nature, this method suffers from low convergence rates. This shortcoming can be greatly improved 

by grouping strongly connected unknowns in separate groups and solving for them in a semi-implicit manner. 

This notion has been the key idea behind the development of traditional implicit line smoothers, in which the 

strongly coupled unknowns are grouped in lines, ordered sequentially, and solved for using a tridiagonal solver. 

This technique can be further explained using the example shown in Fig. 1a. In this figure, a triangular mesh 

(with linear basis functions) is shown. Two separate lines are colored in blue and red. As seen, the nodes are 

ordered sequentially based on the lines. The sparsity pattern of the corresponding stiffness matrix is shown in 

Fig. 1b. In this figure, the interconnections between the blue nodes are shown in blue, the interconnections 

between red nodes are shown in red, and the connections between blue and red nodes are shown in purple. 

Note that by ordering based on the lines, the interconnections of the nodes form a tridiagonal structure. Using 

this structure, Algorithm 3 can be used as a solver or a smoother to solve a typical linear system of equations 

in a semi-implicit manner. Note that typically, in this algorithm the update equation is solved using the 

Thomas algorithm [40], which is suitable when the interconnections of the nodes form a tridiagonal structure. 

This is the case for second-order finite-volume and finite-element schemes. Through numerical experiments, 

we realized that for third-order continuous finite-element schemes, the tridiagonal solver can result in 

uncontrollable instabilities on some of the lines. This problem can be explained using an example. Figure 2a 

shows a sample mesh with P2 elements. In this figure, the blue nodes are those that are shared with the P1 

level, and the red nodes belong solely to the P2 level. Also, shown in this figure is a sample line which includes 

both the blue and red nodes. Figure 2b shows the corresponding sparsity pattern of the stiffness matrix for 

the numbered nodes. As seen, in this case, the interconnections of the line nodes form a pentadiagonal 

structure. Thus, a tridiagonal solver cannot solve the corresponding unknowns in an implicit manner. In the 



12 

American Institute of Aeronautics and Astronautics 

present work, we employed a pentadiagonal solver for these lines and retained the stability of the implicit line 

solver. It should be noted that the lines that include only P2 nodes (i.e. lines with only red nodes) form a 

tridiagonal structure and thus they can be solved using the Thomas algorithm [40]. By careful inspection of 

Fig. 2b, one can show that application of the Gauss elimination algorithm on the pentadiagonal portion of 

the stiffness matrix generates no fill-ins. Therefore, the ILU(0) algorithm returns the complete factorization 

of this portion of the matrix. Although here this point was demonstrated for a P2 discretization, by using 

similar schematics, one can easily show that generally for high-order continuous finite-element discretizations, 

the interconnections between the degrees of freedom on an implicit line form a banded matrix which can be 

completely factored without generating any fill-ins. This is a key finding of the present work.  

 

 
 

(a) (b) 

Figure 1. (a) A sample mesh with linear basis functions and two lines, (b) sparsity pattern of 

the stiffness matrix of the shown mesh. 
 

 

 

 
      

(a) (b) 

Figure 2. (a) A sample mesh with quadratic basis functions and one line, (b) sparsity pattern 

of the stiffness matrix for the numbered nodes. 
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Algorithm 3. Implicit line Jacobi: �2� = êå�(��, d, [�], �, �0) 
0: # This algorithm solves [�]� = � using a defect correction scheme #  

1: for õ = 1, �� 
2:    è@−1 = � − [�]�@−1    # [�] = [Õ] + [�], [T] includes the tridiagonal part of [A] # 

2:    5îréj [Õ]b�@ = è@−1   # Using a tridiagonal or a pentadiagonal matrix solver # 

3:    �@ = �@−1 + d ⋅ b�@ 
4: end for 

5: return �2� 

Algorithm 4. Pre-conditioned implicit line Jacobi:  �2� = Dêå�(�Ì, ��, d, [�], [Í], �, �0) 
0: # This algorithm solves [�] � = �. Here, [P] is a preconditioner matrix #  

1: for õ = 1, �Ì 
2:    è@−1 = � − [�]�@−1 
3:    b�@ = êå�(��, d, [Í], è@−1, ¾) # See Algorithm 3 # 

4:    �@ = �@−1 + b�@ 
5: end for 

6: return �2� 

2. Dual CFL Strategy 

An important consideration in the application of an implicit-line smoother is the diagonal dominancy of 

the utilized matrix. As mentioned in section V.A, during the PTC algorithm, the CFL number may be 

increased aggressively and thus, the implicit line smoother may become unstable and ineffective. To overcome 

this problem and to improve the robustness, here, the line smoother itself is preconditioned with a secondary 

Jacobian matrix [Í] which is calculated based on a capped CFL number (referred to as CFLCap). We refer 

to this approach as dual CFL strategy or Preconditioned Implicit Line Jacobi (PILJ) method. Algorithms 3 

and 4 describe the details of this approach. Note that in Algorithm 3, in an outer loop (with �Ì sweeps) the 

residual of the system ([A]x=b) is calculated based on the original matrix [A] and then in an inner loop (with �� sweeps), the updates b� are calculated based on the pre-conditioner matrix [P]. The relaxation factor � is 

used only in the inner loop. The pre-conditioner matrix [P] is calculated as 

 ⎩{⎨
{⎧if CFL ≤ CFLCap  [Í] = [�]                                              

if CFL > CFLCap    [Í] = [�CFLCap ]  or  [Í] = [�] + [×̂]
CFLCap ��

 (41)

where [�CFLCap ] is a Jacobian matrix evaluated at the capped CFL number and [×̂] is the mass matrix. 

Self-evidently, the second approach (using [×̂]) is computationally more efficient and besides, it can avoid 

the storage of the second Jacobian matrix which is required by the first approach (using [�CFLCap ]). Finally, 

it should be noted that an example of use of dual CFL numbers in the context of the spectral-element time 

discretization can be found in a study by Mundis [41]. 

3. Line Generation 

As mentioned earlier, the lines should connect strongly coupled unknowns. In diffusion-dominated regions 

of the flow field, where anisotropic meshes are used (e.g. boundary layers), the strong couplings follow the 

clustering directions and thus the construction of the lines is straightforward. On the other hand, in 

convection-dominated regions, the strong couplings happen in characteristic directions which cannot be 
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intuitively recognized before starting the solution process. The implicit-line smoother developed in this paper 

is a generalization of an approach initially developed by Mavriplis [42]. The construction of the lines in the 

original approach is purely mesh based. In anisotropic regions, the lines are constructed in the clustering 

directions and the unknowns on the lines are solved implicitly. In isotropic regions, the length of the lines 

reduces to zero and the solution algorithm converts to a point explicit method. Okusanya et al. [43] extended 

Mavriplis’ approach by introducing a matrix-based system to measure nodal coupling used in forming the 

implicit lines. In particular, they used a matrix derived from a convection-diffusion discretization to form the 

implicit lines in both convention- and diffusion-dominated regions and utilized their method in two-

dimensional Euler and Navier–Stokes solutions. A difficulty in this method is that the lines in the convection-

dominated areas cannot be anticipated a priori, and thus, to get the most benefit from generality of the 

method, the line construction procedures need to be recalled as the solution evolves. When it comes to domain 

decomposition for distributed-memory parallel implementations, this difficulty is more elaborate. The 

following subsection clarifies this subject. In this paper, we also utilize a matrix-based approach. However, to 

construct the lines at the preprocessing step, we use a matrix which is derived from the Laplace operator (see 

also Ref. [44]). Figures 3a and 3b show a 30P30N airfoil for which the matrix-based algorithm is used to 

generate the implicit lines. As seen, the lines are mostly generated in the anisotropic region of the mesh. 

4. Domain Decomposition 

The use of implicit-line solvers demands special attention on the grid partitioning. Note that the solution 

on a single line is an inherently sequential process and thus, if a line is divided among multiple partitions, a 

running processor should either become idle while the off-portions of the line is being solved by the other 

processors, or treat the broken line as a separate line. The first approach is computationally inefficient and 

the second one can drastically reduce the robustness of the numerical algorithm. To overcome this issue, 

Mavriplis [42] developed a domain decomposition technique in which each line is completely contained in one 

partition. In this technique, the original unweighted graph is contracted along the implicit lines to produce a 

weighted graph. To be more specific, in the original graph, all vertices and edges are assigned by unity weight. 

Then in the contraction process, all the vertices that are associated with a line are merged into a new vertex. 

Connections between merged vertices also produce merged edges and the weights associated with the merged 

vertices and edges are taken as the sum of the weights of the constituent vertices or edges. The contracted 

weighted graph is then partitioned using a weighted graph partitioner such as METIS [45]. To obtain the 

partitioning for the original unweighted graph, the partitioned weighted graph is de-contracted, meaning that 

all constituent vertices of a merged vertex are assigned the partition number of that vertex. Since the implicit 

lines reduce to a single vertex in the contracted graph, they can never be broken by the partitioning process. 

The weighting assigned to the contracted graph ensures load balancing and communication optimization of 

the final uncontracted graph. In this study, the same technique is utilized to partition the computational grid 

while the implicit lines are extracted from the matrix-based approach. Since the utilized matrix is based on 

the Laplace operator, the configuration of the implicit lines and consequently the partitioning do not change 

during the solution process. Figure 4 shows an example of the described mesh partitioning techniques for the 

30P30N airfoil. 

In the present work, for P2 simulations, the implicit line smoother is employed in both P1 and P2 levels. 

Thus, the partitioning should be done such that none of the lines, form any levels, are cut. As mentioned in 

Section V.B, in the present work, the P1 partitions are generated by reducing the polynomial order of the P2 

partitions. A reasonable choice to obtained the desired lines and partitions for both levels is to generate the 

P2 lines and then extract the P1 lines from them. This choice is justified using an example. Figures 3c and 

3d show the lines that are generated independently when the matrix-based line construction algorithm, with 

the Laplace operator, is applied on the P1 and P2 levels, respectively. As seen in these figures, the P1 lines 
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can be considered as a subset of the P2 lines. Note that this is mainly because here the Laplace operator has 

been used to represent the strong connections between nodes.  
 

  

(a) Mesh (b) Matrix-based lines 

  

(c) P1 lines (d) P2 Lines 

Figure 3. Extracted lines from the stiffness matrix of the Laplace operator for the 30P30N airfoil 
 

 

Figure 4. Partitioning the mesh for the 30P30N airfoil in manner that lines are not cut by the 

partition boundaries. 

VII. Numerical Results 

A. Instance 1: Turbulent Flow over M6 wing 

In the first numerical example, the operation of the developed preconditioned implicit-line Jacobi (PILJ) 

preconditioner and the non-linear p-multigrid (PMG) algorithm is demonstrated for a three-dimensional test 

case. For this purpose, a P2 solution for an M6 wing at free stream Mach number of 0.15, Reynolds number 

of 6.0e+6, and the angle-of-attack of 10.0 degrees is studied. Here, to start the solution process, the PTC 

algorithm with the PILJ preconditioner is used to solve the problem on the P1 level. Then, this solution is 
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used as an initial guess to start the solution on the P2 level. From this point, two non-linear solution strategies 

are used to solve the problem on the P2 level. In the first strategy, the PTC algorithm is solely used to iterate 

on the P2 level until the full convergence is obtained. The second strategy includes two steps: first, the PMG 

method is used to iterate on the P2 level until a partial convergence is obtained, and then, the nonlinear 

solution algorithm is switched to PTC to reach the full convergence. In the following plots, the first and 

second strategies are labeled by PTC and PMG+PTC, respectively. 
 

   

(a) M6 wing (b) upper surface (c) leading edge of the wing root 

   

(d) wing tip (e) trailing edge of the wing root (f) trailing edge of the wing tip 

Figure 5. Instance 1, computational mesh for the turbulent flow over the M6 wing. 

The computational mesh of this test case, which is shown in Fig. 5, includes 10,283,809 tetrahedral elements 

and 1,748,112 vertices. For a P2 discretization, this mesh includes 12,100,235 DOFs. In Ref. [16], we showed 

that a major advantage of the implicit line preconditioner over the ILU(k) preconditioner is the memory 

efficiency. Meaning that using the implicit line preconditioner the problem can be solved using significantly 

fewer processors. In this example, however, to show the functioning of this method on large number of 

processors, the computational mesh is divided into 1440 partitions and each partition is assigned to a processor. 

It is worth note that although this number of partitions may seem large for 12 million DOFs, the ILU(k) 

preconditioner, depending on the fill level, may need even more processors to store the factorized Jacobian 

matrix on the P2 level. 

Figure 6a shows the operation of the PTC algorithm during the non-linear iterations to solve the initial 

problem on the P1 level. This figure plots the total steady-state residual (in black), the number of Krylov 

vectors (in blue), and the CFL number (in red). As seen, the CFL number starts at one and rises monotonically 

in the first 15 nonlinear iterations. Then the turbulence model starts to trigger noticeable changes within the 

flow field and thus the CFL number undergoes few rises and falls. After iteration 33, the CFL number starts 

to ramp up again and the Newton convergence starts at about iteration 42. The full convergence is obtained 

at iteration 55, where the CFL number reaches the maximum value of 2 million. In this solution, the tolerance 

of the linear system has been set to 10-3, and at most 100 Krylov vectors have been allocated for residual 

minimalization. For the PILJ, the number of outer sweeps, number of inner sweeps, relaxation factor, and 

CFLCap have been set to 10, 20, 0.2, 500, respectively. These settings are reused for the P2 level except for 

the CFLCap, which is set to 100. 
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(a) (b) 

Figure 6. Instance 1, operation of the PTC algorithm on the P1 level, (a) as the principal 

nonlinear solver to solve the initial P1 problem, (b) as the coarse grid corrector during the p-

multigrid cycles. 
 

  

(a)    (b) 

Figure 7. Instance 1, operation of the PTC algorithm on the P2 level, (a) as the principal 

nonlinear solver, (b) first, as the nonlinear smoother within the p-multigrid cycles, and next 

as the principal nonlinear solver to reach to the full convergence. 
 

Figures 7a and 7b show the operation of the PTC algorithm on the P2 level. In Fig. 7a, the PTC algorithm 

is solely used as the principal nonlinear solver to obtain the full convergence, whereas in Fig. 7b, it is first 

used as the nonlinear smoother within the PMG algorithm, and then as the principle solver to reach the full 

convergence. During the PMG iterations, âã�ä = 1.1, and during pure PTC iterations, âã�ä = 1.5. In Fig. 

7a, it is seen that although the P1 solution has been used as an initial guess, still many nonlinear iterations 

are required to get to the Newton convergence region. But, Fig. 7b shows that if the pure PTC iterations on 

the P2 level starts after 5 PMG cycles, the Newton convergence is obtained at significantly fewer nonlinear 

steps.  

Figure 6b shows the operation of the PTC algorithm on the P1 level, when used as the coarse grid corrector 

(CGC) within the PMG cycles. As seen in this figure, each P1 problem is iterated until its initial nonlinear 

residual drops by three order of magnitudes. Also, it is seen that all the P1 problems are solved in few number 

of nonlinear steps. Note that the solutions at different level can be advanced with independent settings. For 

example, here, the CFL number on the P1 is not the same as the P2 level. 
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(a) (b) 

Figure 8. Instance 1, convergence of the nonlinear residual on the P2 level versus wall clock, 

(a) using the PMG and PTC algorithms, (b) comparison of the PMG+PTC and PTC 
 

Figure 8a plots the nonlinear residual of the P2 level versus the normalized wall clock time for the second 

solution strategy (i.e. PMG+PTC). In this figure, the time intervals shown between the red arrows have been 

spent on the P1 coarse grid corrections. As seen, at each multigrid cycle, the CGC time is only a fraction of 

the total time for the cycle. Figure 8b compare the convergence time of both nonlinear solution strategies on 

the P2 level. Based on this figure, by utilizing the multigrid iterations, the full convergence is obtained more 

than two times faster. 

Based on the above discussion, a shortcoming of the PTC algorithm is that a significant portion of the 

solution time is spent on the initial phase where the Newton convergence has not started yet. This examples 

shows that the FAS multigrid algorithm can shorten the initial phase for high-order (D ≥ 2) simulations. It 

should be noted that this concept has been previously studies using second-order finite-volume schemes for 

both compressible [46] and incompressible flows [47]. 

 

Figure 9. Instance 1, operation of the PTC algorithm with ILU(2) preconditioner on the P2 

level. PTC is used as the principal nonlinear solver to solve the problem after starting from a 

P1 solution. 
 

Finally for this case, the pure PTC algorithm with ILU(2) preconditioner is tested to solve the problem 

on the P2 level. Like the previous tests, the solution on the P2 level, starts from a converged P1 solution. 

Figure 9 shows the operation of the PTC algorithm in this test. As seen, the PTC algorithm with ILU(2) 

preconditioner shows a poor performance and convergence is not obtained. The number of Krylov vectors at 

each nonlinear iteration is less than the maximum value (i.e. 100). This indicates that the linear convergence 
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has been obtained at all nonlinear steps. Note that the linear tolerance in this example is 10-3. This shows that 

when the linear system is partially solved, the updates from the ILU preconditioner are less effective than 

those obtained by the line preconditioner. Clearly, if the linear system is fully solved, the updates from both 

preconditioners should be identical up to the machine precision. 

B. Instance 2: Turbulent Flow over DPW-4 Wing-Body-Tail Geometry 

In the second numerical example, the same solution strategies as the first numerical example are employed 

on a more complex configuration. Here, a P2 solution on a wing-body-tale geometry, taken from 4th AIAA 

CFD Drag Prediction Workshop (DPW-4) [48], is considered. In this test case, the Mach number is 0.3, the 

Reynolds number is 5.0e+6, the tail incidence angle is 0.0 degree, and the angle of attack is 4.0 degrees. The 

computational mesh, which has been generated using the Pointwise software, includes 14,126,323 tetrahedral 

elements and 2,411,658 vertices. For a P2 discretization, this mesh includes 19,065,261 DOFs. In this mesh, 

the surface grids have been made using advancing front algorithm, and the boundary layers have been 

generated using the T-Rex tool. Figure 10 shows different parts of the mesh. Compared to the meshes used 

in the drag prediction workshop, the used mesh here is considered as a coarse mesh. In this example, the mesh 

is divided into 7200 partitions and each partition is assigned to a processor. As seen in the following, despite 

the large number of partitions, the developed implicit line preconditioner and nonlinear p-multigrid show a 

satisfactory convergence behavior, which is not expected when an incomplete factorization preconditioner and 

a single level nonlinear solution strategy is used. It should be emphasized that this large number of partitions 

is only used for demonstration of the strong scalability of the developed algorithms. 

Like the previous numerical example, to start the solution process, the PTC algorithm with the PILJ 

preconditioner is used to solve the problem on the P1 level. Then, this solution is used as an initial guess to, 

and the two previously described nonlinear solution strategies are used to solve the problem on the P2 level. 

Again, for both strategies on the P2 level, the implicit line method is used as the preconditioner.  

Figure 11a shows the operation of the PTC algorithm, when used as the nonlinear solver to solve the initial 

problem on the P1 level. Figure 10b shows the operation of the PTC algorithm on the P1 level, when used as 

the coarse grid corrector (CGC) within the PMG cycles. Like the previous example, all the P1 problems are 

solved in few or reasonable number of nonlinear steps. 

Figures 12a and 12b show the operation of the PTC algorithm on the P2 level. In Fig. 12a, the PTC 

algorithm is solely used as the principal nonlinear solver to obtain the full convergence, and in Fig. 12b, the 

PTC algorithm is started after 8 PMG cycles. Comparison of these figures results in similar conclusions as 

the previous numerical example. 

Finally, figures 13a and 13b, compare the convergence of the nonlinear residual and lift coefficient for both 

nonlinear solution strategies. As seen the PMG+PTC algorithm results in notably faster convergence.  

VIII. Conclusion 

This paper describes several linear and nonlinear solution techniques that have been developed to build a 

robust and scalable multilevel solver for stabilized finite-element methods. The solver framework includes two 

principal nonlinear solvers: an inexact Newton solver based on the pseudo-transient continuation (PTC), and 

a nonlinear p-multigrid based on the full approximation (FAS) scheme. The solver framework has been 

developed in an object-oriented manner, and the inexact Newton solver can be used either as principal 

nonlinear solver, or as a nonlinear smoother for the p-multigrid method. To obtain a robust and scalable 

preconditioner, a new implicit line smoother has been developed that can be effectively employed on all 

solution levels. It was shown that for high-order continuous finite-element discretizations, the interconnections 



20 

American Institute of Aeronautics and Astronautics 

of the degrees of freedom on an implicit line form a banded matrix which is wider than tridiagonal, but still 

can be factorized completely without generating any fill-ins. Also, it has been shown that for high-order 

solutions, the application of the p-multigrid approach before Newton iterations can drastically reduce the 

number of nonlinear iterations required to reach a full convergence.  
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(a) wing-body-tail configuration (b) cockpit 

  

(c) tail (d) wing (upper surface) 

  

(e) boudary layer mesh on the wing (f) trailing edge of the tail 

Figure 10. Instance 2, computational mesh for the turbulent flow over the DPW-4 geometry. 
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(a) (b) 

Figure 11. Instance 2, operation of the PTC on the P1 level, (a) as the nonlinear solver to 

solve the initial P1 problem, (b) as the coarse grid corrector during the p-multigrid cycles. 
 

  

(a) (b) 

Figure 12. Instance 2, operation of the PTC on the P2 level, (a) as the principal nonlinear 

solver, (b) first, as the nonlinear smoother within the p-multigrid cycles, and next as the 

principal nonlinear solver to reach to the full convergence. 
 

  

(a) (b) 

Figure 13. Instance 2, Comparison of wall clock times for PTC and PMG+PTC algorithms 

(a) convergence of the residual, (b) convergence of the lift coefficient. 
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