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This paper describes the various components in the development of a coupled multidisciplinary optimiza-
tion capability for rotorcraft problems. The underlying approach is based on the use of a time dependent
discrete adjoint capability that is extended to multiple disciplines, including aerodynamic, structural dynamic
and acoustic disciplines. Examples of optimizations for rigid and flexible rotors are given based on aerody-
namic performance and aeroacoustic signature objectives. The extension of the structural model to a full
geometrically non-linear brick and shell finite-element model is also described and preliminary results are
shown.

I. Introduction

Over the last decade, substantial progress has been made in the development and application of sensitivity analysis
methods for rotorcraft optimization problems. Both analysis and optimization of rotorcraft configurations are particu-
larly challenging simulation problems. Rotorcraft configurations generally involve the simulation of bodies in relative
motion which requires the use of time dependent approaches. This is in contrast to many fixed wing aircraft cruise
optimization problems which can be formulated as steady-state problems. At the same time, high-fidelity analysis and
optimization of rotorcraft problems must necessarily be mulidisciplinary, involving aeroelastic effects and time depen-
dent control inputs, since these effects are highly coupled and strongly influence rotorcraft aeromechanic performance.
Due to the unsteady nature and tight multidisciplinary coupling required for these problems, rotorcraft applications
have become a driver for the development and application of more advanced high-fidelity analysis and optimization
techniques, most of which are only now starting to be considered for more challenging fixed wing applications at the
edges of the flight envelope such as flutter and maneuvering flight.

Gradient-based optimization methods are well accepted as the most effective strategies for high-fidelity aerody-
namic optimization, due to the much lower number of analysis runs or function evaluations required with these methods
compared to non-local techniques such as genetic algorithms. Adjoint methods are now well established as the most
efficient technique for obtaining the required design sensitivities, since these methods allow the computation of the
sensitivities of an arbitrary number of design parameters with respect to an objective or constraint at the cost of the
solution of a single adjoint problem, which is generally equivalent to the cost of a flow analysis solution. However, for
time-dependent problems, the solution of the corresponding adjoint problem requires a backward integration in time
which in turn requires storage of the complete time history of the analysis solution. One decade ago, when investi-
gations into time-dependent adjoint formulations for aerospace applications were first considered, these were thought
to be impractical, although the numerical weather prediction community was already employing such strategies for
data assimilation purposes. Initial efforts were first demonstrated in two dimensions, and later in three dimensions,
for reasonably complex configurations including overlapping mesh problems, and it is now acknowledged that time
dependent adjoint problems, including the storage to disk of the analysis time history, are both practical and timely.

More recently, effort has been devoted to incorporating additional disciplines into the design optimization process
in a high fidelity and tightly coupled manner, in order to enable more realistic and useful design optimization tools.
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This includes the incorporation of structural dynamics effects, control inputs, and farfield aeroacoustic signatures.
The principal challenges in this area center on the development of the corresponding disciplinary adjoint sensitivities
and the tight coupling and solution of the coupled multidisciplianry adjoint problems. For such problems, the discrete
adjoint is highly favored since the discrete approach enables a straighforward and methodical (albeit tedious) approach
for obtaining sensitivities of arbitrarily complex analysis procedures.

In this paper, we outline the principal techniques developed over the last decade in our group for developing a time-
dependent multidisciplinary discrete adjoint capability for realistic rotorcraft problems which include aerodynamic,
structural dynamic, aeroacoustic and control effects. Our approach is based on a time-domain simulation and (discrete)
adjoint approach. This is in contrast to many efforts in rotorcraft applications which have focused on time-spectral
or frequency domain approaches. Time-spectral methods offer the possibility of treating periodic problems as steady-
state problems, and thus greatly simplify the cost and complications of the time-dependent adjoint solution process.
However, time-spectral methods have other drawbacks, such as difficulties extending these methods to overset meshes,
and to multidisciplanary problems. Furthermore, since the bulk of rotorcraft analysis tools are based on time-domain
methods, it is most desirable to develop analogue sensitivity analysis methods which can be used directly with existing
well validated analysis tools.

II. Aerostructural Analysis and Sensitivity Formulation

A. Flow Solver Analysis Formulation

The flow solver used in this work is the Reynolds-averaged “Navier-Stokes Unstructured 3D” (NSU3D)1 mesh solver.
NSU3D has been widely validated for steady-state and time-dependent flows and contains a discrete tangent and
adjoint sensitivity capability which has been demonstrated previously for optimization of steady-state and time-
dependent flow problems. As such, only a concise description of these formulations will be given in this paper,
with additional details available in previous references.1–3 The flow solver is based on the conservative form of the
Navier-Stokes equations which may be written as:

∂u(x, t)
∂t

+∇ ·F(u) = 0 (1)

For moving mesh problems these are written in arbitrary Lagrangian-Eulerian (ALE) form as:

∂Vu
∂t

+
∫

B(t)
[F(u)− ẋu] ·ndB = 0 (2)

Here V refers to the volume of the control volume bounded by a control surface B(t), ẋ is the vector of mesh face or
edge velocities, and n is the unit normal of the face or edge. The state vector u consists of the conserved variables
and the Cartesian flux vector F = (Fx,Fy,Fz) contains both inviscid and viscous fluxes. The equations are closed with
the perfect gas equation of state and the Spalart-Allmaras turbulent eddy viscosity model4 for all cases presented in
this work. The time derivative term is discretized using a second-order accurate backward-difference formula (BDF2)
scheme, leading to the implicit system of equations at each time step given as:

3
2∆t

Vnun− 2
∆t

Vn−1un−1 +
1

2∆t
Vn−2un−2 +Sn(un,xn, ẋn) = 0 (3)

where Vn = V(xn) represents the mesh control volumes and Sn(un,xn, ẋn) represents the spatial discretization terms
at the nth time step. The functional dependence of the implicit system to be solved at each time step can be written in
residual form as:

Rn(un,un−1,un−2,xn,xn−1,xn−2) = 0, n =,2,3, ...,N (4)

where the initial conditions are given by uo and xo, and noting that a BDF1 time discretization is used for the first time
step.

At each time step, the implicit residual is solved using Newton’s method. The Jacobian matrix is inverted iteratively
using a line-implicit agglomeration multigrid scheme that can also be used as a preconditioner for a GMRES Krylov
solver.5 To simplify the notation, we drop the time level superscripts, and represent the general flow equations to be
solved at all time levels as the system given by:

R(u,x) = 0 (5)

where the vector U denotes the flow values over all time steps, x represents the CFD mesh coordinates over all
time steps, and equation (5) denotes the simultaneous solution of all time steps. Given the functional dependence of
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equation (4), it is evident that equation (5), when written in matrix form, takes on a lower triangular form, and can be
solved by forward substitution, which corresponds to a forward integration in time.

B. Structural Model Formulation

A non-linear bend-twist beam model is a suitable and widely utilized structural model for slender fixed and rotary
wing aircraft structures within the context of an aeroelastic problem. A bend-twist beam model has previously been
developed and coupled to the NSU3D unstructured mesh Reynolds-averaged Navier-Stokes solver for steady 6, 7 and
time-dependent problems.8 The non-linear governing equations of a slender beam are discretized using the finite-
element method (FEM) in space using Hamilton’s principle as described in detail in the reference by Hodges and
Dowell .9 Figure 1(a) shows a typical beam with 15 degrees of freedom for each element to accommodate bend wise,
lag wise, axial and torsional displacements. The elastic twist φ refers to the rotation about the blade elastic axis.

The ability to employ higher fidelity finite-element based structural models has also been pursued through the
development of an in-house finite-element code. This code supports the basic commonly-used brick and shell element
types and can import FEM models constructed within commercial software codes such as Abaqus and NASTRAN.
Although implementing all features supported by commercial structural analysis codes is not feasible, the motivation
for constructing an in-house capability is to enable tight coupling between the computational fluid dynamic (CFD)
and computational structural dynamic (CSD) disciplines and also to enable implementation of the discrete adjoint of
the structural analysis discretization for use in computing sensitivities. Figure 1(b) provides an illustration of a shell-
based FEM model for a wind turbine blade constructed inside Abaqus that has been used in our coupled aero-structural
analysis capability for fatigue loading predictions.10

(a) (b)

Figure 1. (a) Beam finite element model with flap, lag, torsional and axial (total 15) degrees of freedom; (b) Shell finite-element model of
wind turbine blade

The structural dynamic equations of motion can be expressed as: Mq̈+Cq̇+Kq = F , where [M], [C] and [K]
are mass, damping and stiffness matrices assembled based on the finite-element representation. Vector F = F(t) is
the forcing vector. Vector q represents the displacements along all degrees of freedom. This set of equations can be
reduced to a first-order system as:

[I]Q̇+[A]Q = F (6)

where [I] is the identity matrix, Q = [q, q̇]T , F = [0, [M]−1F]T and [A] =
[

0 −[I]
[M]−1[K] [M]−1[C]

]
. Similarly to the flow

equations, a second-order backwards difference time-integration scheme (BDF2) is used to advance the structural
equations in time. This results in the system of equations to be solved at each time step given as:

3
2∆t

Qn− 2
∆t

Qn−1 +
1

2∆t
Qn−2 +[A]nQn = Fn (7)

Alternatively, a beta-Newmark time-integration approach11 can be applied directly to equation (6). In either case,
the functional dependence of the structural dynamic equations to be solved at each time step can be written in residual
form as:

J(Qn,Qn−1,Qn−2,Fn) = 0, n =,2,3, ...,N (8)

3 of 33

American Institute of Aeronautics and Astronautics



As with the flow equations, to simplify the notation, we drop the time level superscripts, and represent the structural
dynamic equations to be solved at all time levels as the system given by:

J(Q,F) = 0 (9)

where Q and F represent the structural states and forces, respectively, over all time steps. Written in matrix form,
equation (9) exhibits a lower triangular form, and can be solved by forward substitution in time, which corresponds to
a forward time-integration procedure.

1. Forward sensitivity formulation of structural dynamic equations

The structural model tangent (forward sensitivity) linearization is similar to the analysis problem. For a given func-
tional, L(D,Q(D)), its sensitivity with respect to a blade design parameter, D can be written as:

dL
dD

=
∂L
∂D

+
∂L
∂Q

dQ
dD

(10)

This requires solving for the sensitivity of the structural state Q, which can be obtained by differentiating Eqn. (9)
with respect to the design variable D and rearranging as:[

∂J
∂Q

]
∂Q
∂D

=− ∂J
∂F

dF
dD
− ∂J

∂D
(11)

The last term on the right hand side is non zero for structural design parameters such as structural element stiffnesses,
in which case the applied force does not change with the design parameter, making the first term on the right hand side
zero. In the coupled aeroelastic case, using aerodynamic shape parameters that primarily affect the airloads on the
structure, the first term on the right-hand size is non-zero while the second term vanishes. Solving for ∂Q

∂D in equation
(11), and substituting this into equation (10), the forward sensitivity of the objective function dL

dD can be obtained.

2. Adjoint formulation of structural model

The adjoint formulation of the structural model can be derived by approaching the tangent formulation in the reverse

(transpose) direction. Taking the transpose of the objective functional sensitivity yields: dL
dD

T
= ∂L

∂D
T
+ dQ

dD

T
∂L
∂Q

T
. This

requires solving for the transpose sensitivity of the structural state Q, which leads to solving for an adjoint vector ΛQ
defined as: [

∂J
∂Q

]T

ΛQ =
∂L
∂Q

T
(12)

The final objective sensitivities can be obtained by:

dL
dD

T
=

∂L
∂D

T

+

[
− ∂J

∂D

T
− dF

dD

T
∂J
∂F

T
]

ΛQ (13)

The above forms the adjoint formulation of the structural model. In this work we consider only shape design variables
that affect the outer mold line of the CFD geometry without modifying the structural model. Thus, the influence of
these aerodynamic design variables is only felt through changes in the aerodynamic forces applied to the structural
model, which correspond to the second term in the brackets on the right-hand side of the above equation. The first
term in the brackets vanishes in this case, but would be non-zero when considering structural design parameters such
as material properties. As previously, the left-hand-side Jacobian term of the structural adjoint equation corresponds
to the transpose of the Jacobian in the forward linearization.

C. Fluid-structure interface (FSI)

In addition to the solution of the aerodynamic problem and the structural dynamics problem, the solution of the fully
coupled time-dependent aeroelastic problem requires the exchange of aerodynamic loads from the CFD solver to the
structural solver, which in turn returns surface displacements to the fluid flow solver. In practice, the FSI computes
forces at each CFD surface mesh point F(x,u) by integrating the surface stresses (pressure and shear) over the surface
area associated with each surface grid point. These forces are then projected onto the finite-element basis functions of
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the beam or brick and shell model where they are assembled in the form of forces on the finite-element nodal locations
denoted as Fb. Conversely, once the structural deflections have been computed, they are transferred back to the surface
CFD mesh in a similar manner. The governing equations for the FSI can be written in residual form as:

SFSI(Fb,x,u) = Fb− [T (Q)]F(x,u) = 0 (14)
SSFI(xs,Q) = xs− [T (Q)]T Q = 0 (15)

where SFSI represents the force transfer from CFD to CSD, and SSFI denotes the displacement transfer from CSD to
CFD. In these equations, [T ] represents the rectangular transfer matrix which projects point-wise CFD surface forces
F(x,u) onto the individual structural model elements resulting in the forces Fb. The transpose of this matrix is used to
obtain the CFD surface displacements xs from the structural model degrees of freedom Q, thus ensuring the principle
of conservation of virtual work. The interpolation patterns which define the [T ] matrix are computed by locating the
perpendicular projection of each point of the surface CFD mesh on the structural model beam elements or brick and
shell surface faces, as shown in Figure 2. This approach allows for non-matching surfaces between the CFD and
CSD elements, even in the case of the full brick/shell finite-element structural model, since these may contain widely
differing discretizations and are often built using different outer mold line definitions.

(a) (b)

Figure 2. Illustration of fluid-structure interface for (a) beam model (b) brick and shell finite element model

D. Control input facility

Control inputs for defining rotor blade motion must be applied in order to simulate a rotor in forward flight. For a fixed
hub, the overall rotor motion can be broken down into two parts: the cyclic pitching of the blades defined by a pitch
angle (θ), and the azimuthal rotation of the blades about the hub axis (ψ), as shown in Figure 3. The time-varying
blade pitch angle can be represented by a combination of mean pitch angle (θ0) and several harmonic components
of pitch angles (e.g. θci and θsi for i’th harmonic): θ = θ0 +θcicos(iψ)+θsisin(iψ), for harmonics of i = [1,2, · · · ].
This introduces the set of control parameters, i.e. D = [θ0,θci ,θsi ], which define the prescribed blade cyclic pitching
motion. In this work, three pitch parameters are used, namely collective θ0, and two cyclics (θc1 , θs1 ) corresponding
to a single harmonic i = 1. At each time step, the individual blade pitch angles are computed using the above control
inputs, and used to displace all CFD surface mesh points by the required angular rotation θ. Thus, the pitching motion
results in a new set of surface grid points defined by the solution of the blade pitching equation, in residual form:

Sθ(xsp,xs,D) = 0 (16)

where xsp represents the new pitched blade surface mesh points, xs represents the original surface mesh points, and D
represents the control inputs, which may also be used as design parameters for optimization runs.

Once the surface mesh points have been displaced, the interior mesh must be deformed to avoid negative cells in
neighboring regions. This is accomplished using the mesh deformation facility described subsequently in the Mesh
deformation capability section, resulting in a new set of interior mesh points denoted as xo. The azimuthal rotation
is next applied by rotating the entire grid as a solid body. This is achieved by solving the prescribed mesh rotation
equations, written in residual form as:

Sψ(x,xo) = 0 (17)

where x denotes the final deformed and rotated mesh coordinates.
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Figure 3. Illustration of prescribed pitch and azimuthal rotation for rotor in forward flight.

E. Geometry parameterization facility

In order to perform shape optimization of a multi-bladed rotor, a shape parametrization capability must be imple-
mented. The specific parametrization used in this work is described in section 1. Mathematically, the blade design
methodology defines a blade surface, which in turn defines the coordinates of the CFD surface mesh points on each
blade in a fixed reference frame as a function of a set of shape design variables D. Thus, the blade surface mesh points
xso are obtained as the solution of the parametrization equations, in residual form:

Bcad(xso,D) = 0 (18)

where Bcad denotes a possible computer-aided design (CAD) parametrization of the blade, and D refers to the blade
shape and pitching parameters.

F. Mesh deformation capability

A mesh deformation capability is required to deform the volume mesh in response to prescribed displacements of
the surface CFD mesh. Surface displacements can be produced in three manners: 1) through blade geometry shape
changes resulting during the design process, 2) through blade deflections generated by the structural model, and 3)
due to the prescribed blade cyclic pitching, defined by the three pitch control parameters. In practice, a single mesh
deformation calculation is performed at each coupling cycle. Thus, the surface displacements are first determined by
adding together the displacements from the three sources when present, and the interior mesh point coordinates are
obtained by solving the mesh deformation equations, which can be written in residual form as:

G(xo,xsp) = 0 (19)

where xo denotes the deformed interior mesh coordinates in response to the displaced surface mesh coordinates xsp.
Note that the mesh deformation calculation is carried out prior to the azimuthal mesh rotation phase, which operates
on the deformed coordinates xo before rotation to produce the final mesh coordinates x used in the CFD simulation,
as described by equation (17). The mesh deformation approach is based on a linear elastic analogy. In this approach,
the mesh is modeled as a linear elastic solid with a variable modulus of elasticity that can be prescribed either as
inversely proportional to the cell volume or to the distance of each cell from the nearest wall (and thus is a function of
current grid).The resulting equations are discretized and solved on the mesh in its original undeformed configuration
in response to surface displacements using a line-implicit multigrid algorithm analogous to that used for the flow
equations. Detailed explanation of the method can be found in references.6, 12 An equivalent adjoint solver12for the
mesh deformation problem is also implemented for use in the coupled aeroelastic adjoint capability.

G. General solution procedure

The general analysis problem consists of multiple coupled sets of equations namely, the blade design equations, the
prescribed motion equations, the mesh deformation equations, the flow solution equations, the structural model equa-
tions, and the fluid-structure interface. All these equations are coupled and must be solved simultaneously at each time
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step. The coupled system of equations to be solved can be written as:

Bcad(xso,D) = 0 (20)
Sθ(xsp,xso,xs,D) = 0 (21)

G(xo,xsp) = 0 (22)
Sψ(x,xo) = 0 (23)

R(u,x) = 0 (24)
SFSI(Fb,x,u) = 0 (25)

J(Fb,Q) = 0 (26)
SSFI(xs,Q) = 0 (27)

In equation (21), the cyclic pitching acts directly on the deflected blade shape coordinates xs, although these depend
on the original undeflected blade surface coordinates xso and reduce to these values at the beginning of the solution
procedure prior to the solution of the structural equations. The above equations denote the system of equations to
be solved over all time steps. However, since each residual equation at a given time level n depends on (at most)
the values from time levels n, n− 1, and n− 2, the entire system can be solved by forward substitution in time (i.e.
forward time integration). In this case, the equations to be solved at a given time level n can be written more precisely
by reintroducing the time level superscripts on the residual operators and their corresponding arguments.

Within each physical time step, solution of the fully coupled fluid structure problem consists of performing multiple
coupling iterations on each discipline using the latest available values from the other disciplines. Thus, a typical
solution procedure starts by generating the blade surface mesh coordinates and prescribing the required pitch angles to
these points, as determined by the first two equations, which can be evaluated explicitly. Next, the mesh deformation
equations (i.e. equation (22)) must be solved iteratively, after which the deformed mesh is rotated through explicit
evaluation of equation (23). The flow equations ((i.e. equation (24)) can then be solved iteratively using the updated
grid coordinates x and the resulting flow variables u are then used to compute forces which are applied to the structural
model through explicit evaluation of the FSI (i.e. equation (25)). Using these forces, the structural model is solved
directly (i.e. equation (26)) and the resulting displacements are transferred back to the CFD mesh as determined by
equation (27). Since the surface mesh coordinates are now modified, the entire process must be repeated, starting at
the second equation, until convergence is achieved.

H. Sensitivity Analysis for Coupled Aeroelastic Problem

In this work we consider only aerodynamic performance objectives which depend only on the flow solution and
geometric shape. Starting with the forward sensitivity problem, the sensitivity of such an objective L can be written
as:

dL
dD

=

[
∂L
∂x

∂L
∂u

]
dx
dD

du
dD

 (28)

As previously, the variables u and x represent the values over all time steps, and the inner products are over all space
and time. The individual disciplinary sensitivities are given as the solution of the coupled system, which is obtained
by differentiating the coupled analysis equations:
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∂Bcad

∂xso
0 0 0 0 0 0 0

∂Sθ

∂xso

∂Sθ

∂xsp
0 0 0 0 0

∂Sθ

∂xs

0
∂G
∂xsp

∂G
∂xo

0 0 0 0 0

0 0
∂Sψ

∂xo

∂Sψ

∂x
0 0 0 0

0 0 0
∂R
∂x

∂R
∂u

0 0 0

0 0 0
∂SFSI

∂x
∂SFSI

∂u
∂SFSI

∂Fb
0 0

0 0 0 0 0
∂J

∂Fb

∂J
∂Q

0

0 0 0 0 0 0
∂SSFI

∂Q
∂SSFI

∂xs





dxso

dD

dxsp

dD

dxo

dD

dx
dD

du
dD

dFb

dD

dQ
dD

dxs

dD



=



−∂Bcad

∂D

−∂Sθ

∂D

0

0

0

0

0

0



The first equation corresponds to equations for surface mesh point sensitivities with respect to the shape design vari-
ables, while the second equation rotates these sensitivities through the prescribed pitch angle, and adds the sensitivities
with respect to the pitch control inputs, which are also used as design parameters. The third equation propagates the
surface mesh sensitivities to the interior mesh points through the mesh deformation equations, while the fourth equa-
tion corresponds to the azimuthal rotation of these mesh sensitivities. The fifth equation generates the flow sensitivities
based on the mesh sensitivities and the solution of the linearized flow problem. The flow sensitivities are then used
to construct force sensitivities for the structural model using the FSI, which in turn generate structural sensitivities in
the seventh equation. These are passed back to the CFD surface mesh in the last equation, to be reused at the next
coupling iteration. As can be seen, each disciplinary solution procedure requires the inversion of the same Jacobian
matrix as the corresponding analysis problem, which is done using the same solution technique.

Technically, the above system represents the forward sensitivity equations to be solved over all time steps. How-
ever, as mentioned previously, due to the dependence on at most the previous two time levels in all the individual
disciplinary equations, the above matrix equation can be solved by forward substitution in time. The left-hand side
matrix can rearranged into a lower triangular form, by reordering of the equations grouping together all disciplinary
equations at a given time step, which are then solved simultaneously prior to advancing to the next time step, as de-
scribed in references.3, 13 However, for convenience we retain the global temporal notation with the understanding
that the above system can also be interpreted as the equations to be solved at a given time step, simply by adding the
appropriate time level superscripts to the corresponding operators and variables.

The corresponding adjoint problem can be obtained by pre-multiplying the above matrix equation by the inverse of
the large coupling matrix and substituting this into equation (28), transposing the entire system, and defining adjoint
variables as solutions to the following coupled system:
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∂Bcad

∂xso

T
∂Sθ

∂xso

T

0 0 0 0 0 0

0
∂Sθ

∂xsp

T
∂G
∂xsp

T

0 0 0 0 0

0 0
∂G
∂xo

T
∂Sψ

∂xo

T

0 0 0 0

0 0 0
∂Sψ

∂x

T
∂R
∂x

T
∂SFSI

∂x

T

0 0

0 0 0 0
∂R
∂u

T
∂SFSI

∂u

T

0 0

0 0 0 0 0
∂SFSI

∂Fb

T
∂J

∂Fb

T

0

0 0 0 0 0 0
∂J
∂Q

T
∂SSFI

∂Q

T

0
∂Sθ

∂xs

T

0 0 0 0 0
∂SSFI

∂xs

T





Λxso

Λxsp

Λxo

Λx

Λu

ΛFb

ΛQ

Λxs



=



0

0

0

∂L
∂x

T

∂L
∂u

T

0

0

0



Once again, the solution of the various disciplinary adjoint equations requires the inversion of the corresponding
disciplinary Jacobians (transposed in this case) which can be accomplished using the same iterative solvers as for the
analysis and forward sensitivity problems, but proceeding in the reverse order. By analogy with the forward sensitivity
problem, this coupled adjoint system over all time steps can be written in upper triangular form and solved by back
substitution, which corresponds to a backwards integration in time.3, 13 The specific coupled system to be solved at
each time step can be recovered by specifying the time level superscripts on all operators and variables.

Once the solution of the coupled disciplinary adjoint problems has been obtained, these can be used to compute
the objective sensitivities as:

dL
dD

=

[
−∂Bcad

∂D
−∂Sθ

∂D
0 0 0 0 0 0

]



Λxso

Λxsp

Λxo

Λx

Λu

ΛFb

ΛQ

Λxs



(29)

Figure 4 illustrates the flow of information between fluid and structural disciplines for the analysis, tangent, and
adjoint solvers. In the analysis problem, the CFD solver sends a force vector to the structural solver and receives a
surface displacement vector, while in the tangent problem, these are replaced with a force sensitivity and displacement
sensitivity vector, respectively. For the adjoint problem, the information proceeds in reverse order with the CFD solver
receiving a force adjoint vector from the structural model, and sending a displacement adjoint to the structural model.
In all cases, these vectors have the same dimension as those used in the analysis problem and make use of the same
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data structures for inter-disciplinary coupling. The unsteady adjoint requires the solution state from each of the time
steps, which is easily read from hard disk saved during the forward analysis step. This avoids additional memory
requirements.

Figure 4. Corresponding flow of information for analysis, tangent and adjoint solution processes.

The forward and adjoint sensitivities for the coupled aeroelastic problem are verified using the complex step
method.14 As in the case of finite-differencing, the complex step-based differentiation also requires a step size. How-
ever, unlike finite-differencing the complex step method is insensitive to small step sizes since no differencing is
required. In theory it is possible to verify forward and adjoint-based gradients using the complex step method to
machine precision. With this in mind, a complex version of the complete coupled aero-structural analysis code has
been constructed through scripting of the original source code to redefine variables from real to complex types and to
overload a small number of functions for use with complex variables. Agreement between the sensitivities obtained
with the complex step method, the forward sensitivity and the adjoint implementations has been established to within
11 significant digits as reported in references.15, 16 Furthermore, this work has demonstrated that the agreement of
these sensitivities does not degrade as the number of time steps is increased, for up to several hundred time steps,
provided the equations are converged to machine precision at each time step. On the other hand, algebraic error ac-
cumulation has been found to contaminate the precision of the computed gradients and grow with the number of time
steps, suggesting that deeper convergence is required for cases with larger numbers of time steps.16

III. Aerostructural analysis and design

A. Time dependent analysis problem

The chosen test case is a four bladed HART2 rotor in a forward flight condition. The flight conditions correspond to
a wind tunnel test17 with a freestream Mach number of M∞ = 0.095, a rotor tip Mach number of Mtip = 0.638, and a
shaft tilt angle towards freestream of αsha f t = 5.4◦. The corresponding rotor rotational speed is Ω = 1041 RPM. The
blade pitch angle actuation is prescribed as: θ = θ0 +θ1ssin(ψ)+θ1ccos(ψ), with θ0 = 5.0◦,θ1s =−1.1◦,θ1c = 2.0◦,
where ψ corresponds to the azimuthal angle of rotation about the hub axis. The rotor is impulsively started from rest,
in an initially quiescent flow field, and rotated with the mesh as a solid body for a fixed number of revolutions. This
problem is solved both for a rigid blade model (using no structural model), as well as for a flexible blade model (using
the beam structural model). For the latter, the flow is solved in tight coupling mode with the beam solver as described
previously.

The baseline simulation (coarse mesh) makes use of a mixed element mesh made up of prisms, pyramids and
tetrahedra consisting of approximately 2.32 million grid points and is shown in Figure 5(a). The simulations are run
for 5 rotor revolutions using a 2 degree time-step, i.e. for 900 time-steps starting from freestream initialization. For
the rigid blade simulation, the time-dependent mesh motion is determined by first pitching the blade about the blade
axis followed by solving the mesh deformation equations and then rotating the entire mesh as a solid body at each
time step. The unsteady Reynolds-averaged Navier-Stokes equations are solved at each time step in ALE form, using
the Spalart-Allmaras turbulence model.

The coupled CFD/CSD simulation is run in a similar manner. However, the flow solution (CFD) is coupled with
the beam solver (CSD) at every time step by appropriately exchanging, a) airloads information from the flow domain
to the beam and b) blade deformation information from the beam to the flow domain, through the fluid-structure
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(a) Computational Domain: 2.32 million nodes

Figure 5. Computational polyhedra mesh

interface (i.e. blade surface). In this coupled simulation, the mesh is moved according to the deformations dictated
by the new flexed blade coordinates determined from the structural beam code after the combined kinematics of
pitch actuation followed by solid body rotation of the entire mesh have been performed. This coupled fluid-structure
interaction problem needs to be iterated until satisfactory convergence (up to more than two orders of magnitude drop)
is achieved on flow, structure and mesh deformation problems within each time step. The flow and mesh deformation
problems are converged upto more than two orders of magnitude, and the structure problem upto machine precision
(since it uses direct matrix inversion) values of the respective residuals.

The simulations were performed on the Yellowstone supercomputer at the NCAR-Wyoming Supercomputing Cen-
ter (NWSC), with the analysis problem running in parallel on 1024 cores. Each time step used 6 coupling iterations,
and each coupling iteration used 10 non-linear flow iterations with each non-linear iteration consisting of a three-level
line-implicit multigrid cycle. The typical simulation at this level of resolution requires approximately 40 minutes of
wall clock time per rotor revolution.

(a) Blade Deformation (Cp contours) (b) Blade-1 tip displacement vs time

Figure 6. HART2 blade deformation

The effect of the CFD/CSD aeroelastic coupling is clearly demonstrated in Figure 6(a), which compares the
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deformed blade shape and its corresponding Cp surface contours from the coupled simulation with that from the rigid
blade simulation. From the figure it is noted that all four blades show different deformation characteristics due to
corresponding different aerodynamic environment they experience in forward flight. The blade attains the largest
flap displacement at azimuth, ψ = 180◦ and the smallest flap displacement at azimuth, ψ = 0◦. For both the flexible
and rigid blades, the pressure contours demonstrate that the advancing side blades experience higher loading (larger
pressure gradients near the rotor tips) than the retreating side blades. The flexible blade tip vertical displacement time
history shown in Figure 6(b) demonstrates 1/rev behavior of blade flapping, as expected.

1. Geometry Parameterization

In order to obtain sensitivities with respect to a set of shape parameters that are well suited for design optimization
purposes, a baseline blade is constructed by stacking 11 airfoil section along the span. Each airfoil contains 10 Hicks-
Henne bump functions, 5 on the upper surface, and 5 on the lower surface, that can be used to modify the airfoil shape.
Additionally, the twist values of the blade at the root and tip airfoil sections are also used as design variables resulting
in a total of 112 design variables. Figure 7(a) provides an illustration of the baseline blade design setup. A high density
structured mesh is generated about this blade geometry, which is then rotated and translated to match each individual
blade in the CFD mesh, as shown in Figure 7(b). Interpolation patterns between each unstructured mesh surface point
and the baseline structured mesh are determined in a preprocessing phase. These interpolation patterns are then used
to interpolate shape changes from the baseline blade to all four blades in the CFD mesh (as determined by changes in
the design variables) and to transfer sensitivities from the surface CFD mesh points to the design variables using the
chain rule of differentiation.

In addition to the aforementioned design variables, inclusion of control parameters for pitching in forward flight
introduces a new set of three design parameters, i.e. D = [θ0,θc1 ,θs1 ]. Design variable θ0 is known as rotor collective
pitch angle and θc1 and θs1 are rotor cyclic pitch angles. This results in a total of 115 design variables. These
sensitivities, in addition to the above mentioned geometric sensitivities, are transfered onto the CFD surface mesh
points from the master blade shape through the interpolation method described earlier.

(a) Blade design parameters (b) Baseline structured blade mesh overlap with CFD mesh

Figure 7. Illustration of (a) baseline blade with design parameters and (b) overlap in tip region between baseline blade structured mesh
and CFD surface unstructured mesh.

2. Unsteady Objective Function Formulation

A time-integrated objective function based on the time variation of the thrust (CT ), torque (CQ) and moment coefficients
(CMX and CMY ) is used for this test case. The goal of the optimization is to reduce the time-integrated torque coefficient
while constraining the time-integrated thrust coefficient to the baseline rotor performance as well as constraining the
moment coefficients along roll (CMX ) and pitch (CMY ) axes of the rotor to a trimmed value, i.e. zero average moment
values. The objective function is based on the summation of the differences between a target and a computed objective
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value at each time step n . Mathematically the global objective function is defined as:

Lg = LShape +LTrim (30)

LShape = ω1
1
T

n=N

∑
n=1

∆t
[
δCn

Q
]2 (31)

LTrim = ω2
1
T

n=N
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n=1

∆t [δCn
T ]

2 +ω3
[
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]2
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δC̄MY =
1
T

n=N

∑
n=1

∆t(Cn
MY
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MY target) (36)

where the mean target thrust coefficient value is specified to the Hart2 baseline mean trim value of C̄T target = 0.0044,
and the target torque and moment values are set to zero. The weights (ωi, i = [1,2,3,4]) are included to equalize the
difference in orders-of-magnitude between the thrust, torque and moment coefficients. Use of pitch control parameters
([θ0,θci ,θsi ]) as design variables and use of moment penalty terms ensure that the optimized rotor shape with optimized
control parameters tend towards a final trimmed state when the rotor design cycles converge. Ideally, this penalty
approach would be expected to be computationally more efficient than the use of a hard constraint formulation, since
this latter approach would require the computation of multiple adjoint problems at each design cycle, as opposed to
the single adjoint required in the current formulation. However, since the trim constraint may not be satisfied exactly
in penalty approach, additional computational cost may be incurred in trimming the rotor (using a trim optimization
step) before shape design is carried out. Given only few number of iterations required for trim optimization, the overall
penalty approach can still be more efficient. Although, some references18 claimed to have achieved hard constraint
design optimization solving multiple adjoints with only an incremental cost, it remains unclear if this additional cost
using their suggested approach would be any less than that required in trim step.

B. Optimization of Helicopter Rotor in Forward Flight

For the optimization runs, the simulation is run for two full rotor revolutions, starting impulsively from rest in quiescent
flow. The objective consists of the time-integrated torque with thrust and moment penalty, as described previously.
However, the objective to be minimized is only integrated over the last rotor revolution, in order to avoid the opti-
mization process from focusing on start-up transients. The optimization problem is solved on a relatively coarse grid
(2.3 million points) using a time step size of 2.0 degrees. The optimization procedure used is the L-BFGS-B bounded
reduced Hessian algorithm.19 Each request by the optimization driver for a function and gradient value results in a
single forward time-integration of the analysis solver and a single backward integration in time of the adjoint solver.
A bound of ±5% chord for each defining airfoil section was set on the Hicks-Henne20 bump functions, a bound of
±1.0◦ of twist was set on the root and tip twist definitions, and a bound of ±5.0◦ of pitch angle was set on all the
pitch parameters (collective and cyclics). The optimizations were performed on the Yellowstone supercomputer at the
NCAR-Wyoming Supercomputing Center (NWSC) with the simulations (analysis/adjoint) running in parallel on 1024
cores. Each time step in the analysis problem employed 6 coupling cycles. Each coupling cycle used 10 nonlinear it-
erations. A typical coupled functional gradient (analysis/adjoint) computation step requires approximately 70 minutes
when run on 1024 cores.

The performance optimization consists of three main stages: i) Trim, ii) Shape/performance optimization and, iii)
re-trim. The ’Trim’ step involves trimming the rotor to a target wind tunnel rotor thrust value of CT = 0.0044 and zero
longitudinal and lateral moments (CMY ,CMX = 0). The objective function used in this step consists only of the thrust
and moment terms or simply LTrim in equation ( 30) and the objective minimization is performed using only the three
pitch parameters, namely, collective and cyclics as design variables.

In the second stage, blade shape optimization is performed by including the performance objective, i.e., CQ term
into the time dependent objective function to be minimized. Appropriate weights (ωi, i= 1,2,3,4) are used to maintain
the rotor trim state through a penalty function while the blade shape is optimized to obtain minimum rotor power.
In total 115 design parameters were used in this stage, including 112 blade shape parameters and 3 pitch control
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parameters. However, even after optimization convergence in stage two, the exact trim state is not maintained. This
is because the trim objective components in the objective function were used only as weak constraint terms, i.e. as
penalty terms and not as hard constraints. Therefore, the last stage involves trimming the rotor back to the target thrust
and moment values, once again using only the three control pitch parameters as design inputs. This stage is otherwise
referred to as the ’re-trim’ stage in this paper.

Figures 8 illustrates the trim optimization of the flexible HART2 rotor to the trim target thrust (CT = 0.0044)
and moment values (CMX ,CMY = 0). Fig. 9(a) shows that the trim objective gradient drops by more than 2 orders of
magnitude, while the objective functional achieves a minimum over 19 design iterations. Figure 9(b) further shows
consistent convergence of all the three pitch parameters.

(a) Thrust trim (b) Lateral moment trim (c) Longitudinal moment trim

Figure 8. HART2 flexible blade trim

(a) Trim optimization convergence (b) Pitch parameters convergence

Figure 9. HART2 flexible blade trim convergence

Figures 10 summarizes the flexible blade shape optimization as well as re-trimmed performance plots. Figure 10(a)
shows the baseline trimmed flexible rotor is shape optimized to achieve a significant power reduction of approximately
5.0% with a thrust loss of approximately 2.6%. Similar to the rigid blade re-trim, for the flexible blade some of this
gain is lost upon re-trim. However, the final shape optimized and re-trimmed rotor achieves an overall 3.1% reduction
in power compared to the baseline blade. Figure 10(c) shows one and half orders of magnitude gradient drop and
consistent functional convergence over 21 design iterations for the blade shape optimization stage. Figure 11 shows
the shape optimized blade sections at 9 stations. The optimized blade shapes show similar trends to those observed in
the rigid blade shape optimization, i.e. thicker inboard and thinner outboard stations.
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(a) Power time history (b) Thrust time history (c) Shape optimization convergence

Figure 10. HART2 flexible blade shape optimization and re-trim

Figure 11. HART2 flexible blade optimized blade sections; blue solid-baseline, red dashed-optimized

15 of 33

American Institute of Aeronautics and Astronautics



IV. Acoustic formulation

Despite the continuous increase in computational resources, numerical simulations that resolve wave propagation
from the nearfield to a farfield observer are still impractical, hence a viable approach to predicting farfield noise level
is the use of hybrid methods that have been developed over the years21 and are now fairly well established.
In hybrid methods the finely resolved nearfield flow time history is used as input to an acoustic formulation that predicts
the noise radiated to a given observer. The acoustic formulations are often based on Lighthill’s acoustic analogy, in
particular the Ffowcs Williams-Hawkings (FW-H) approach, which is the one used in this work.22

Here the NSU3D CFD flow solver provides the nearfield flow time history to a newly developed FW-H acoustic
integration module that propagates the acoustic pressure at a farfield observer. A schematic of the hybrid approach
is shown in Figure 12(a). The location of the FW-H acoustic integration surface depends on the noise problem being
investigated. When significant non-linear flow effects are present, as in the case of high speed helicopter forward
flight, an off-body permeable integration surface should be used.21, 23 Noise prediction with an off-body permeable
surface is only accurate when the flow field between the body and the integration surface is finely resolved, resulting
in a significant increase in the computational cost of the CFD time-integration process. However, the case considered
in this work consists of a HART-II17 four-bladed rotor in forward flight with a freestream mach number 0.095 and
a tip Mach number of 0.638. At these conditions nonlinear flow effects are expected to be negligible so that an on-
body impermeable integration surface can be used. Figure 12(b) shows the FW-H acoustic integration surface and

(a) Schematic of the hybrid approach for the aeroacoustic computa-
tion

(b) Acoustic integration surface and observer location

Figure 12. Schematics of the hybrid acoustic approach (a) and acoustic problem formulation (b): the observer is stationary in the plane of
the rotor two radii from the rotor hub at ψ = 180 deg.

the observer location used for validation purposes. The acoustic surface coincides with the CFD rotor surface mesh
and every node on the surface is an acoustic source that produces an acoustic pressure at the observer location via the
FW-H integration process.

1. Acoustic Analysis Formulation: the FW-H equation

The FW-H equation can be expressed in differential form as21(
∂2

∂t
− c2

0
∂2

∂xi∂x j

)(
H( f )ρ′

)
=−∂Fiδ( f )

∂xi
+

∂Qδ( f )
∂t

(37)

where

Q = (ρovi +ρ(ui− vi))
∂ f
∂xi

(38)
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and

Fi = (pδi j +ρui (u j− v j))
∂ f
∂x j

(39)

and the Lighthill’s stress tensor, the quadrupole term, has been omitted since it is not used in this work. Equation
(38) gives rise to an unsteady monopole-type contribution that can be associated with mass addition, while the dipole
term, equation (39), involves an unsteady force. The function f (xi, t) = 0 defines the surface of integration outside
of which the solution is sought. Total density and pressure are ρ and p respectively, the fluid velocities are ui, while
vi are the surface velocities and co is the freestream speed of sound. The prime denotes perturbation relative to the
freestream which itself is denoted with the subscript o. xi and t are Cartesian coordinates and time respectively. H( f )
is the Heaviside function while δ( f ) is the Dirac function. A time domain solution to equation (37) can be obtained
from the derivation of Farassat24 using the variables

Ui =

(
1− ρ

ρo

)
vi +

ρui

ρo

Li = p′n j +ρui (un− vn) (40)

as proposed by Di Francescantonio,25 where p′ = p− po, un = uini, vn = vini and ni is the unit normal of the acoustic
surface. The integral solution is then given, neglecting the quadrupole term, by equation (41)
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∫
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4πp′(y, t) = 4πp′T (y, t)+4πp′L(y, t)

where y is the observer location, t is the observer time, r is the distance between the source x and the observer y, M is
the surface Mach number and

Un =Uini

Mr = Miri

Lr = Liri (42)
LM = LiMi

K = rṀr + co(Mr−M2)

Equation (41) requires the evaluation of the integrals at the emission or retarded time τ: for a given observer location
y and time t the retarded time must be computed via the solution of the nonlinear equation (43)

τ = t− r(x(τ),y(t))/co (43)

where r(x(τ),y(t)) is the distance between the source x at the emission time τ and the observer y at the observer time
t. This approach has been followed in most acoustic-analogy-based codes.21 However, by regarding the source time
as the primary time one can choose the source time for an acoustic source and determine when the signal will reach
the observer using equation (44)

t = τ+ r(x(τ),y(t))/co (44)
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where τ is again the source time and t is the reception time, i.e. the time at which the acoustic disturbance reaches
the observer. Equation (44), a rearrangement of equation (43), is easier to solve than its retarded time counterpart as
the observer motion is usually simpler than the motion of the acoustic integration surface. For each acoustic source a
sequence of uniformly spaced source times leads to a sequence of unequally spaced observer times as each source has
a different source-to-observer distance, hence the acoustic pressure time history for each source must be interpolated
at the desired observer time to determine the final acoustic pressure at the observer location. A comparison of the
retarded time and the source-time-dominant algorithm is given in.26

In this work we follow this so-called source-time-dominant algorithm as it allows a seamless integration of the
acoustic module with the CFD solver. The source time is the CFD time and the integrals in equation (41) are evaluated
at every time step during the CFD time integration process. The acoustic integration surface corresponds to the rotor’s
unstructured surface mesh and each node of the CFD grid corresponds to an acoustic source. All the time derivative
terms in equation (41) are approximated with a BDF2 time discretization for consistency with the CFD time integration
with the exception of the source acceleration term that is approximated with a second order accurate central difference
scheme. The final observer pressure time history is built via linear interpolation of each source time history at the
desired observer time after the CFD integration process is completed. The observer acoustic pressure time history can
finally be processed to compute the aeroacoustic objective to be minimized. The aeroacoustic objective used in this
work is the root mean square of the acoustic pressure time history

LFWH = p′RMS =

√
∑

Nsample
i=1 p′2(D)

Nsample
(45)

where Nsample is the number of samples in the observer acoustic pressure time history and D is the vector of design
variables. The current implementation of the FW-H integral equation has been validated against the PSU-WOPWOP26

acoustic code for the HART-II flexible rotor in trimmed forward flight as shown in Figure 13. The flow conditions
are described in section III. The CFD simulation has been carried out for two rotor revolutions on a mesh consisting
of approximately 2.32 millions nodes with a 2-degree timestep, 6 CFD/CSD coupling iterations per time step and
a stationary in-plane observer located two radii from the rotor hub at an azimuthal angle ψ = 180 deg as shown in
Figure 12(b) and described in Table 1. Two different observer time windows are shown in Figure 13: an extended time
window, Figure 13(a), and the observer time window targeted during the optimization, Figure 13(b). In both cases
agreement between the new FW-H implementation and the legacy PSU-WOPWOP code26 is excellent. In Figure 14
we investigate the effect that blade flexibility has on the predicted total acoustic pressure: the positive pressure peak
is more pronounced in the flexible case while the negative pressure peak is significantly reduced as a consequence of
blade deformation. A comparison of the rigid and flexible blades is shown in Figure 15 together with a surface contour
plot of the pressure coefficient. All four blades show different deformation characteristics due to the corresponding
different aerodynamic environment they experience during trimmed forward flight: the largest flap displacement is
attained at ψ = 180 deg while the smallest happens at ψ = 0 deg.

Table 1. Observer location for the acoustic objective function with respect to the rotor hub, R being the rotor radius

x y z
2R 0 0

V. Sensitivity Analysis for Aero-structural-acoustic Problem

A. Sensitivity formulation for the integral FW-H equation

Computing the sensitivities of the coupled flexible aeroacoustic problem requires the linearization of the acoustic
module with respect to the design variables. The sensitivity formulation for the current implementation of the inte-
gral FW-H equation closely mimics the linearization of the CFD code as detailed in references.1, 2 First the tangent
linearization of the acoustic code has been developed by exact hand-differentiation of the discretized integral FW-
H equation. The tangent linearization has then been transposed and applied in reverse order to obtain the adjoint
sensitivity with respect to the full vector of design variables.
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(a) Validation of the current FW-H implementation with the PSU-
WOPWOP acoustic code over an extended observer time window.

(b) Comparison between the current FW-H implementation and
PSU-WOPWOP over the observer time window used for optimiza-
tion purposes

Figure 13. Validation of the current FW-H implementation over an extended (a) and the optimization (b) time window

Figure 14. Acoustic pressure at the observer for the baseline rigid and flexible HART-II rotor.
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Figure 15. Comparison between the rigid and the flexible HART-II rotor.

Tangent sensitivity formulation

The tangent linearization of the acoustic objective function allows the computation of the objective function sensitivity
with respect to a single design variable. We express the acoustic pressure at the observer location and time as

p′(y, t,D) = FWH(U(D),x(D)) (46)

where D is the vector of design variables and FWH(U(D),x(D)) represents all the discrete operations necessary to
evaluate equation (41) numerically. In this expression U(D) and x(D) are the flow and mesh solution at every time
step of the time-integration process at the acoustic integration surface, after the aeroelastic coupling has converged.
The acoustic pressure tangent sensitivity time history can be expressed as

d p′(y, t,D)

dD
= ∑

n

∂FWH
∂Un

FWH

dUn
FWH

dD
+

∂FWH
∂xn

FWH

dxn
FWH
dD

(47)

so that the tangent linearization of the acoustic objective function p′RMS defined in equation (45) becomes:

dLFWH

dD
= ∑

n

∂LFWH

∂Un
FWH
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+
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′
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∂p′
d p′

dD
(48)

In equation (48) the terms dUn
FWH
dD and dxn

FWH
dD are the aeroelastically-converged flow and mesh tangent sensitivities at

every time step evaluated at the acoustic integration surface that are computed via the forward time integration de-
scribed by equation (29). The terms ∂FWH

∂Un
FWH

and ∂FWH
∂xn

FWH
are the tangent linearizations of equation (41). The tangent

acoustic problem proceeds in analogy with the acoustic analysis problem. The tangent flow solution and the tangent
acoustic solution are carried out simultaneously: the aeroelastically-converged tangent flow solution is used to assem-
ble the tangent sensitivities of all the terms in equation (42) which in turn are used to evaluate the tangent sensitivity
of the integral equation (41) at every timestep, resulting in an unequally spaced acoustic pressure sensitivity at the
observer location for every acoustic source. The final observer acoustic pressure sensitivity time history is built via
linearization of the time interpolation algorithm at the end of the time-integration process allowing for the computation
of the acoustic objective function sensitivity, equation (48), with respect to one design variable.
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Adjoint sensitivity formulation

The adjoint sensitivity can be derived by transposing the tangent sensitivity formulation. Transposing equation (48)
yields

dLFWH

dD
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+
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The terms ∂LFWH
∂Un

T
= ∂FWH
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FWH

T ∂p
′
RMS
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T
and ∂LFWH

∂xn
T
= ∂FWH

∂xn
FWH

T ∂p
′
RMS
∂p

T
represent the right-hand-side of equation (29) for

the case of the acoustic objective function and drive the adjoint backward time-integration described in equation (29).

The term ∂p
′
RMS
∂p

T
is the reverse linearization of the observer time interpolation process that needs to be evaluated before

the adjoint time-integration can start while the term ∂FWH
∂Un

FWH

T
and ∂FWH

∂xn
FWH

T
correspond to the reverse linearization of the

acoustic integrals in equation (41). At the end of the backward time-integration process, the full sensitivity vector of
the acoustic objective function is recovered.

VI. Aero-structural-acoustic Optimization

The goal of the present work is to reduce the noise signature of the HART-II rotor in trimmed forward flight
by means of gradient-based optimization techniques that exploit the multidisciplinary flexible aeroacoustic adjoint
method developed so far. As a preliminary step, the flexible HART-II rotor in forward flight needs to be trimmed to
establish a starting point for all subsequent optimizations. The trim problem is formulated as an optimization problem
described by equation (50)

min LT HRUST

subject to

LLAT ERAL = 0 (50)
w.r.t. Dpitch

where the vector of design variables Dpitch is made up of one collective and two cyclics and is described in the Control
input facility section. One design cycle for this optimization corresponds to one unsteady aeroelastic flow solution
and two aeroelastic adjoint solutions, one for the objective and one for the constraint function in equation (50).
Once the Hart-II baseline rotor has been trimmed, it is used as the starting point for a multidisciplinary flexible rotor
aeroacoustic optimization which aims at reducing the torque required for trimmed forward flight with a significantly
lower noise signature according to equation (51).

min LTORQUE

subject to

LT HRUST = 0 (51)
LLAT ERAL = 0

p′RMS = p′RMSTARGET

w.r.t. D

The value p′RMSTARGET
has been chosen to guarantee a 2dB OSPL noise signature reduction of the baseline rotor. In

this case one design cycle consists of one aeroelastic unsteady flow solution, and four aeroelastic unsteady adjoint
solutions.
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The functionals LT HRUST , LLAT ERAL and LTORQUE are defined as

LT HRUST =
1
N
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∑
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))2
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)2
 (52)

LTORQUE =
1
N

N

∑
i=1

(
Ci

Q
)2

where Ci
TAV ERAGE

= 0.0044 is the target thrust coefficient for the baseline Hart-II rotor. The flow conditions are those
described previously and the simulations are run for two rotor revolutions using a 2-degree timestep and a compu-
tational mesh that consists of approximately 2.32 million nodes. Six CFD/CSD coupling iterations are performed at
every time step. The aerodynamic functionals in equation (52) are accumulated only over the second revolution to
prevent the optimization algorithm from focusing on the initial transient. The acoustic integration is performed only
over the second revolution and the acoustic objective function is evaluated over the observer time window shown in
Figure 13(b). For all optimizations the observer is stationary and is placed in front of the rotor as shown in Figure
12(b) and detailed in Table 1.
In this optimization test case we consider only shape design variables that affect the outer mold line of the CFD
geometry without modifying the structural model. The influence of these aerodynamic design variables affects the
aeroelastic loop only through changes in the aerodynamic forces applied to the structural model. The baseline blade is
constructed by stacking 9 airfoils along the span. Each airfoil is parameterized with 10 Hicks-Henne bump functions,
5 for the upper surface and 5 for the lower surface respectively. Blade twist varies linearly between root and tip, while
one collective and two cyclics allow the trimming of the rotor, for a total of 95 design variables in the vector of design
variables D in equation (51).
One unsteady flow solution takes approximately 90 minutes of wall-clock time on 1024 cores with each unsteady
adjoint solution costing approximately 45 minutes of wall clock time, so that the cost of one design cycle spans from
three hours for the trim optimization, equation (50), to five hours for the aeroacoustic optimization, equation (51).
Approximately 650 Gb of disk space are stored to disk during the analysis problem and read in by the flexible aeroa-
coustic adjoint procedure. The SNOPT27 sequential quadratic programming algorithm is used to drive the constrained
optimization. The computational cost of the optimization in equation (51) is approximately 96 hours of wall-clock
time on 1024 cores on the Yellowstone supercomputer at the NCAR-Wyoming Supercomputing Center (NWSC).
We give convergence results for the optimization problems as a function of nonlinear optimization iterations and of
design cycles. While the number of design cycles is a measure of the optimization wall-clock time, the number of
nonlinear iterations is the number of iterations used by SNOPT to solve the optimization problem; convergence of the
optimization is assessed through feasibility, which is a measure of the constraint violation, and optimality, which is a
measure of the satisfaction of the Karush - Kuhn - Tucker condition as described in.27

A. Trim results

The trim optimization problem is described by equation (50). The optimization convergence is shown in Figure
16. After 15 nonlinear iterations and 22 design cycles the feasibility and optimality of the optimization problem
are reduced by approximately 3 orders of magnitude and the baseline flexible HART-II rotor is trimmed as further
confirmed by thrust and lateral moments time histories shown in Figure 17.

B. Acoustically-constrained torque minimization

The trimmed HART-II rotor serves as the initial design for the aeroacoustic optimization described by equation (51).
In as few as 5 nonlinear iterations feasibility is reduced by more than 2 orders of magnitude while optimality is reduced
by approximately 9 orders of magnitude, as shown in Figure 18(a). After 10 design cycles the acoustic constraint is
satisfied resulting in a rotor with a 2dB OSPL reduction compared to the baseline, while the required torque is reduced
by 2.5% as shown in Figure 18(b). Satisfaction of the trim constraint is shown in Figure 18(c) and confirmed by the
thrust and lateral moment time histories shown in Figure 19. A comparison of the torque time histories is shown
in Figure 20 highlighting the 2.5% torque reduction achieved for this optimization. The thickness, loading and total
acoustic pressure time histories are shown in Figure 21. A comparison of the airfoil shapes for the baseline and the
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(a) Feasibility and optimality of the trim problem as a function of
nonlinear optimization iterations

(b) Convergence of the thrust objective function and moment con-
straint as a function of design cycles.

Figure 16. Convergence of the trim optimization problem

Figure 17. Thrust and moments time histories for the baseline HART-II rotor
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(a) Feasibility and optimality for the torque-
constrained aeroacoustic optimization problem as
a function of nonlinear iterations

(b) Convergence of the acoustic objective function
and the torque constraint as a function of design
cycles.

(c) Convergence of the trim feasibility as a func-
tion of design cycles.

Figure 18. Convergence of the acoustically constrained torque optimization

Figure 19. Thrust and moments time histories for the baseline rotor and the acoustically constrained torque optimized rotor

Figure 20. Torque time histories for the baseline rotor and the acoustically constrained torque optimized rotor
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Figure 21. Thickness, loading and total acoustic pressures at the observer for the acoustically constrained torque optimized rotor.

optimized rotor is shown in Figure 22 highlighting that the acoustically constrained torque minimization results in
reduced blade thickness particularly at the outboard sections of the rotor.

Figure 22. Acoustically constrained torque optimized blade shapes

Previous noise mitigation studies28 have shown that optimizing for one observer location can result in higher noise
levels at different observer locations. A directivity study for the optimized rotor reveals that the current design is
capable of reducing noise at in-plane observer locations that have not been targeted by the optimization as shown for
two different observers placed at ψ = 135 and ψ = 315 degrees as shown in Figure 23. Additionally, in reference29 it
is shown that even though the optimizations targeted only the second rotor revolution, the optimized rotor performance
is improved over multiple rotor revolutions. Thus, the resulting optimal rotors can be used as initial guesses for more
expensive optimizations that target multiple rotor revolutions.

VII. Aeroacoustic optimization of the rigid UH-60 rotor

The aeroacoustic optimization of the rigid UH-60 rotor in trimmed forward flight is presented in this section.
Following an approach similar to the HART-II aeroacoustic optimization from the previous section, the UH-60 rotor
is first trimmed to establish a baseline acoustic signature. Then, an unconstrained aeroacoustic optimization aims at
reducing the noise signature at the observer in trimmed forward flight.
The baseline UH-60 geometry has been reconstructed from available literature.30, 31 The flight condition for the UH-60
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(a) Baseline and optimized total acoustic time history at ψ = 135
degrees

(b) Baseline and optimized total acoustic time history at ψ = 315
degrees

Figure 23. Directivity study for the baseline and optimized geometry

rotor corresponds to counter 8534 in the UH-60 airloads catalog32 and is detailed in Table 2.

Table 2. Operating condition for the UH-60 rotor in trimmed forward flight

Freestream Mach number (velocity) M∞ = 0.236
Tip Mach Number Mtip = 0.642

Advance ratio µ = 0.368
Rotational speed Ω = 258 RPM

Shaft angle αsha f t =−7.31deg
Thrust 16602 lb

Pitching moment −5025 lb-ft
Rolling moment 5350 lb-ft

The aeroacoustic observer lies in the rotor plane, 2 radii from the rotor hub and travels with the rotor.
The trim optimization problem is the same as in equation (50), but the objective LLAT ERAL is now modified to account
for non-zero pitching and rolling moments as

LLAT ERAL =
1
N

( N

∑
i=1

(
Ci

Mx −Ci
Mx−average

))2

+

(
N

∑
i=1

(
Ci

My −Ci
My−average

))2
 (53)

The trim optimization problem is solved with respect to the same design variables Dpitch described in the Control
input facility section.
After the baseline UH-60 rotor has been trimmed an unconstrained aeroacoustic optimization is performed to minimize
the noise signature at the specified observer location. For this unconstrained optimization the problem statement is
given by

min LUNC (54)
w.r.t. D
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and the objective function LUNC is defined as

LUNC = LFWH +10(LT HRUST +10LLAT ERAL) (55)

where LFWH is defined in equation (45) and LT HRUST and LLAT ERAL are defined in equations (52) and (53) respectively.
For this unconstrained optimization a total of 127 design variables has been used. The blade is built by stacking 11
airfoils along the span with 10 Hicks-Henne bump functions per airfoil. Twist is defined at 11 spanwise sections and
linearly interpolated between two consecutive sections. Tip taper, sweep and droop allow for the modification of the
tip planform shape. Finally, one collective and two cyclics allow for the trimming of the rotor.
At the end of the unconstrained optimization, since the penalty function formulation in equation (55) doesn’t satisfy
the trim constraint exactly, the optimized rotor needs to be retrimmed to the thrust and lateral moments values in Ta-
ble 2 according to equation (50). This final optimization is once again solved with respect to the three design variables
in Dpitch.
The CFD mesh used in this work, shown in Figure 24, consists of 5.1 million nodes and has been built according to
the AIAA Drag Prediction Workshop guidelines.33 The rotor is simulated for two rotor revolutions with a 2-degree

(a) Overview of the CFD mesh for the UH60 rotor optimization (b) Details of the surface mesh for the UH60 rotor

Figure 24. CFD mesh for the UH60 rotor. The mesh consists of 5.1 Mln nodes and is made up of prisms, pyramids and tetrahedra

timestep and the objective functional is accumulated only over the second rotor revolution.
For the unconstrained optimization problem in equation (54) 1 design cycle corresponds to 1 unsteady flow solution
and one unsteady adjoint solution. The unsteady flow solution takes approximately 60 minutes of wall-clock time on
3008 cores with 2Tb of disk storage, while 1 unsteady adjoint solution takes approximately 30 minutes.
The SNOPT optimization algorithm is used to drive both the trim optimization problem and the unconstrained aeroa-
coustic optimization problem. The unconstrained optimization problem, including the final retrim, took approximately
66 hours of wall-clock time on 3008 cores on the Yellowstone supercomputer of the NCAR Wyoming Supercomputing
Center (NWSC).

UH-60 trim results

Convergence results for the trim optimization problem of the baseline UH-60 rigid rotor are shown in Figure 25. In 14
design cycles optimality, as computed by SNOPT, is reduced by 3 orders of magnitude while feasibility is reduced by
almost 7 orders of magnitude.
This optimization establishes a baseline result for the rigid UH-60 rotor that will be used to assess the improvement
gained with the unconstrained aeroacoustic optimization in equation (55).

Unconstrained aeroacoustic optimization with retrim

The noise signature of the trimmed UH-60 rotor is now minimized using the unconstrained minimization approach
described in equation 54. At the end of the unconstrained optimization a final retrim of the optimized rotor guarantees
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(a) Feasibility and optimality of the trim problem for the UH-60
rigid rotor as a function of design cycles

(b) Convergence of the thrust objective function and moment con-
straint as a function of design cycles.

Figure 25. Convergence of the trim optimization problem for the rigid UH-60 rotor

the exact satisfaction of the trim constraint. Convergence results for the unconstrained optimization problem and for
the final retrim are shown in Figure 26. Figure 26(a) shows that after a significant initial gain the objective function in

(a) Convergence of the unconstrained objec-
tive function equation (55).

(b) Optimality for the unconstrained mini-
mization problem in equation (54).

(c) Feasibility and optimality for the final re-
trim of the optimized rotor.

Figure 26. Convergence of the trim optimization problem for the rigid UH-60 rotor

equation (55) starts to settle down after approximately 20 design cycles, while Figure 26(b) shows that optimality is
reduced by approximately 1 order of magnitude after 37 design cycles. Figure 26(c) shows feasibility and optimality
for the final trim problem highlighting the satisfaction of the trim constraint for the aeroacoustically optimized rotor
as further confirmed by the thrust and lateral moments time histories shown in Figure 27. The noise signatures for
the baseline and optimized rotors for this moving-observer acoustic setup are shown in Figure 28. The unconstrained
optimization yields a 3.9dB reduction in Overall Sound Pressure Level after retrim. The geometry of the optimized
rotor is shown in Figure 29. Figure 29(a) shows thicker airfoils at the inboard sections and thinner airfoils at the
outboard sections, together with tapering of the tip airfoil. Figure 29(b) shows the blades’ planform shape, particularly
in the tip area, highlighting both anhedral and forward sweep of the tip section as opposed to an aft-swept tip of the
baseline UH-60 rotor.
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Figure 27. Thrust, pitching and rolling moment time histories for the rigid UH-60 and the optimized rotors.

Figure 28. Baseline and optimized acoustic pressure time histories
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(a) Baseline (red) and optimized (green) airfoils shapes (b) Baseline (red) and optimized (green) blade shapes

Figure 29. Baseline and optimized blade shapes

VIII. Incorporating Higher fidelity

The next logical step in the drive to higher fidelity aeroelastic effects for both fixed wing and rotary wing prob-
lems involves the incorporation of a high-fidelity finite-element structural model based on brick and shell elements,
as is used in standard aerospace structural design practices. While such models are common in many commercial
simulation tools, the need to obtain adjoint-derived sensitivities for the individual contributing disciplines results in
the requirement of having complete source code access, since adjoint linearization is an inherently intrusive process.
Therefore, the most practical approach consists of developing an in-house structural model that can be tailored for
sensitivity analysis.

In previous work we have outlined the development of a brick and shell finite-element structural model that sup-
ports FEM models based on the most commonly used element types built in the NASTRAN and/or Abaqus commercial
code frameworks.11 This structural dynamics code has been tightly coupled to the NSU3D CFD solver and used for
static and dynamic aeroelastic analysis problems. The discrete adjoint formulation of the structural model has also
been implemented, and the adjoint derived sensitivities have been verified to machine precision using the complex step
method for both static and dynamic cases. In Table 3 the adjoint-derived sensitivities of the time-integrated norm of
displacement with respect to various structural design parameters are verified for the case of a cantilevered shell-based
HART-2 blade model undergoing free vibration, showing agreement with the forward and complex step methods to
near machine precision.

Table 3. Verification of time-dependent adjoint sensitivities for Hart-2 shell model

Design Variable : D Adjoint Tangent Complex
Stiffness -5.93308711120498e-3 -5.93308711120513e-3 -5.93308711122332e-3
Density 1.17662420188903e-3 1.17662420188909e-3 1.17662420188903e-3

Thickness -1.65506902436382e-2 -1.65506902436360e-2 -1.65506902436435e-2
Applied Force 4.75646290931996e-3 4.75646290931999-3 4.75646290932002e-3

Figure 30 depicts results for a time-dependent structural optimization using a HART-2 blade model based on linear
brick elements. As before, we clamp the root end of the blade and model it in free vibration, but we now take one step
further and optimize the stiffness, density and cross-sectional dimension of the blade to conform the response to a target
periodic response, with a chosen amplitude and frequency. The figure shows the time history of the tip displacement
over one period of the target displacement for various design optimization cycles, as well as the convergence of the
objective and objective gradient. The figure shows how, after seven design cycles, the time history of the blade tip
displacement closely follows that of the target response, and the optimization procedure converges monotonically both
in terms of the reduction of the objective and the gradients.
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Figure 30. (a) Design evolution of time history of blade tip displacement with optimization steps versus target time history; (b) Convergence
history of structural optimization problem in terms of objective and norm of sensitivity vector

Recently the structural dynamics capability has been extended to account for geometric nonlinearity, to model
structures with displacements and rotations that are large compared to structural dimensions, such as blades on heli-
copter rotors and wind turbines. This has been achieved by implementing Green-Lagrange strain34 as a deformation
metric, a well-established approach in the field of nonlinear finite element modeling. Green-Lagrange strain effectively
removes rigid body rotation modes from the deformation of a point in an element, and can be expressed

ε =
1
2
[
∇u+∇uT +∇u.∇uT] (56)

where ∇u = ∂ui
∂xj

. As can be seen, for small strain, the second nonlinear term vanishes and the usual linear strain form
is recovered. The current nonlinear formulation has been verified by computing a large displacement problem for
a brick-based mode of a HART-2 blade, as shown in Figure 31. In this case, the prescribed clamped end boundary
conditions are such that the final solution produces a 45o solid body rotation of the blade, in addition to significant
bending. The results are validated by comparing with displacements produced by the Abaqus code for this problem,
and by verifying that the computed displacements converge to the values obtained for the linear formulation when the
rotation mode is extracted and bending displacements are small.

(a) (b)

Figure 31. Illustration of geometrically non-linear finite-element solution for large deflection of blade brick-based FEM model of HART2
rotor blade

IX. Conclusions and Future Work

This paper has described the steady progression in the development of a coupled multidisciplinary optimization
capability for rotorcraft problems. The underlying approach is based on the use of a time dependent discrete adjoint
capability that is extended to multiple disciplines. The acoustic optimization test cases have shown that optimizations
can be performed using either constrained or unconstrained (penalty-based) approaches, with the latter technique
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requiring the solution of only a single adjoint problem. However, more experience is needed to determine the best
optimization approach as the problem formulation becomes more complex, including the extension to multipoint
optimization. The drive to higher fidelity has motivated the development of a geometrically non-linear finite-element
based structural dynamics solver with discrete adjoint capability. In future work, this will be coupled with the NSU3D
flow solver to improve the overall fidelity of the aero-structural-acoustic analysis and optimization capability.
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