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An overview of developments in computational fluid dynamic discretizations and solution
techniques for aerodynamic applications over the past five to six year time frame is given
in this paper. We begin with a survey of community efforts that have contributed to
advancing the state-of-the-art of computational aerodynamics. Subsequently, an overview
of developments in Reynolds-averaged Navier-Stokes (RANS) methods is given, including
the use of higher-order discretizations. This is followed by a look at recent developments
in scale-resolving methods from an algorithmic point of view. The paper concludes with
prospects for further advances towards long term milestones and Grand Challenge projects
as outlined in the CFD2030 report.

I. Introduction

In March 2014 the NASA commissioned Vision CFD2030 report was issued as a NASA Contractor
Report (CR),1 which provided a bold vision for future computational capabilities and their potential impact
on aerospace engineering and design. The report formulated a series of four Grand Challenge problems
designed to demonstrate the potential impact that advanced computational capabilities will have on aerospace
engineering. One of the key features of the Vision 2030 report was the publication of a technology road
map, with notional goals and milestones for specific technology achievements, tied to pacing aeronautical
application problems, over the 16 year period from 2014 to 2030.

Within the AIAA, the recently formed CFD2030 Integration Committee (IC) is charged with overseeing
and coordinating activities related to advancing CFD research and development activities along the lines
proposed in the report. As one of its first activities, the IC sponsored the “Future CFD Technologies Work-
shop”,2 held in January 2018, which highlighted advances being made towards the CFD2030 Vision goals
specifically in algorithmic technologies as they relate to improved simulation capabilities for aerodynamic
applications. The advent of the year 2019 corresponds to the five year mark since the issuance of the Vision
2030 report, and the IC felt that a look back at progress made over the last five years in the various techno-
logical areas outlined in the report would serve as a useful exercise to gauge the rate of progress of technology
towards the long term goals as outlined in the report. In this paper, we provide a survey of recent advances
made in the area of CFD algorithms, namely discretizations and solution techniques. The technology road
map produced in the CFD2030 Vision report, reproduced in Figure 1, tracks various technology areas that
will be critical for advancing overall computational simulation capabilities over the next 10 to 15 years. The
focus of the current paper is on the area denoted as “Algorithms” in the road map, as depicted in Figure 1.
Thus, the current focus is principally on CFD discretizations and solver technology, and we do not attempt
to cover related areas such as computational mesh algorithms (i.e. overset meshes, adaptive mesh refinement
(AMR)), or other areas such as visualization and data extraction, physical modeling (turbulence, transition)
and advances in HPC, except where these impact the performance and technological suitability of CFD
discretizations and solution techniques.

The importance of algorithmic developments for computational methods cannot be overstated. Numerous
reports have been produced over the last several decades emphasizing the fact that advances in computational
algorithms have contributed equally or more compared to advances afforded by the sustainement of Moore’s
law for high-performance computing (HPC) hardware over the last four decades.1,3–6 Perhaps even more
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importantly, since algorithmic complexity is most often an asymptotic property, the benefits of superior
algorithms grow with problem size and the need for optimal algorithms becomes increasingly important as
larger problem sizes are attempted on increasingly capable HPC hardware. However, algorithmic research
and development requires a union of skills that covers not only the disciplinary application area (i.e. aerospace
engineering in this case), but also the fundamental disciplines of applied mathematics and computer science.
Often, developments in fundamental algorithmic technology have been neglected in favor of incorporating
more capability or physics into existing legacy codes. As the CFD2030 report notes, many current CFD
codes are based on algorithms that are over 20 years old, which in turn are being strained by the demands
of supporting increased multidisciplinary applications as well as much larger problem sizes.

The road map illustrated in Figure 1 contains technology milestones which feed into notional technology
demonstration problems over the 16 year period covered by the report. Within the context of algorithmic
developments for CFD, the technology milestones include the development of “Automated Robust Solvers”
by the current time frame (around 2018-2019), the appearance of “Scalable Optimal Solvers” around the
year 2022, and the use of “Production scalable entropy stable solvers” by the year 2030. Although some of
these milestones appear to be aspirational (especially their timelines), the reality is that significant progress
in these areas will be required to fully realize the future computational capabilities envisioned in the report
as well as to successfully tackle the Grand Challenge problems. The technology demonstrations most closely
associated with algorithmic developments in the road map include the demonstration of realistic complex
geometry applications using of the order of 10 billion grid points or degrees of freedom (per field equation) in
2020, 100 billion grid points or degrees of freedom (dofs) in 2025, and an even larger more complex simulation
operating an order of magnitude above the sustained exaflop scale in the 2030 time frame.

Figure 1. Technology development roadmap from Vision CFD2030 Report.

Reynolds-averaged Navier-Stokes (RANS) methods are now firmly established as the dominant approach
for computational aerodynamics and their predictive ability for on-design conditions, with little or no regions
or separated flow, is well documented.7–11 The challenge for CFD in the coming years will lie increasingly in
the prediction of off-design conditions involving large regions of turbulent separated flow, including the pre-
diction of incipient separation.1,12,13 Over the last decade, there has been a growing view that the successful
prediction of separated flow cases will require the use of scale-resolving methods such as large-eddy simula-
tions (LES) and/or detached-eddy simulations (DES)14 and that continued investment in RANS turbulence
modeling will only provide diminishing returns. This view is embodied in the recent external research fund-
ing awards under the NASA Revolutionary Computational Sciences (RCA) program, which mostly focus on
techniques for scale-resolving methods. These trends are important for the current survey because steady
(and unsteady) RANS approaches and time-dependent scale-resolving methods have significantly different
requirements in terms of both discretizations and solution algorithms. However, due to the step increase in
computational expense required by scale-resolving methods, RANS methods can be expected to remain the
dominant approach for years to come, particularly when used as components in multidisciplinary simulations
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(i.e. aerostructural) or design optimization studies. Furthermore, the drive to LES methods will most likely
be gradual, relying mostly on hybrid RANS-LES methods with increasing regions of LES for the foreseeable
future. In this paper, we address progress and prospects for technology developments in both RANS (steady
and unsteady) methods as well as scale-resolving methods, while highlighting the different requirements of
both approaches.

In the remainder of the paper, we begin with an overview of progress in the state of the practice as
assessed from various community workshops held over the last five year period. We then discuss in more
detail specific technological advances for RANS methods, where we distinguish between second-order accurate
discretizations and higher-order accurate methods, followed by a survey of progress in techniques for scale-
resolving methods. We conclude with an assessment of the rate of progress and provide a future outlook
towards meeting the CFD2030 objectives.

II. Community Activities

The highly successful Drag Prediction Workshop series came to a conclusion with the sixth workshop
(DPW6) held in in Washington DC in June 2016.11,15,16 Over its 15 year history, the DPW series docu-
mented the continuous progress of steady-state RANS methods at predicting drag at fixed lift conditions
over industry relevant transonic cruise configurations. Some of the notable trends over this time period
include the emergence and refinement of unstructured mesh solvers, a steady increase in the size of grids
used for drag calculations, and the establishment of best practices for grid resolution requirements as well
as grid refinement studies. Additionally, the DPW series played a large part in the creation of the Com-
mon Research Model (CRM) geometry,17 which has been extended for other applications (e.g. high lift,18

aerostructural19), and which continues to serve as a benchmark configuration for CFD validation studies.
The workshop series has concluded that “the state-of-the-practice is to the point now where the absolute
aerodynamic performance of a well-designed transonic transport at cruise conditions can be more accurately
predicted by CFD than can be measured by a build-up from wind-tunnel data with corrections to flight
Reynolds numbers”.20

The high-lift prediction workshop series held its third and most recent workshop (HLPW3) in 2017 which
served as a follow-on to the previous HLPW2 workshop held in 2013. While focusing on similar configurations
(HL-CRM for HLPW2 and DLRF11 for HLPW2), it was noted that little overall improvement in our
ability to capture CLmax

for transport aircraft high-lift landing configurations was observed between the two
workshops. Furthermore, the size of the finest grids employed did not increase appreciably between HLPW2
and HLPW3, which is perhaps surprising considering the four year period between the two workshops during
which Moore’s law could be expected to provide at least a four-fold increase in computational capability. On
the other hand, some success was observed using scale-resolving simulations based on the Lattice Boltzmann
approach.21,22 These mixed results have led to a rethinking of the strategies and objectives for a follow-
on HLPW4 workshop. Two principal thoughts are that the future workshop should focus on much finer
grids and also seriously consider examining the predictive ability of scale-resolving methods over traditional
steady-state RANS methods, particularly in the CLmax

region.
The Hover Prediction Workshop (HPW) is a virtual workshop which consists of special sessions with

published papers at AIAA meetings. Special sessions have been held at AIAA Scitech meetings every year
from 2014 through 2019, totaling over 70 technical papers. The stated goal of the HPW is “...to inspire
collaboration among industry, governments, and academia for the development of computational methods
to predict all aspects of hovering flight efficiently, practically, and accurately”.23 The HPW studies have
focused on standard helicopter rotor configurations (PSP rotor and the S-76) with different blade tip ge-
ometries, evaluating the accuracy of CFD to predict coefficients of thrust, power and figure of merit (FM)
for a hovering rotor with near-transonic blade tip. A fundamental characteristic of the HPW is the fact
that the focal problem is one of unsteady flow with moving geometry with a targeted emphasis on accurate
rotor wake capturing. Contributions include results produced using unsteady RANS (URANS) solvers, as
well as DES/LES methods, and combinations of these methods, often in conjunction with dynamic AMR.24

A steady increase in capability has demonstrated the ability to capture hover performance within 1% ac-
curacy in a relative sense. Still, several challenges remain: absolute performance predictions within 0.5%
accuracy required by rotor-blade designers are still elusive. Contributing factors to the computational uncer-
tainty include grid dependencies/convergence, computed vortex wake breakdown, accurate spanwise blade
loading, installation effects, and transition effects. In addition, the lack of hover test data that accurately
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provides integrated performance, blade loads and unsteady vortex-wake structures hampers standardized
code validation efforts.25 The forthcoming NASA/Army HVAB hover tests promise to alleviate this need
for comprehensive rotor-in-hover test data and will form the the basis for future HPW evaluations.

The second aeroelastic prediction workshop (AePW2) was held in January 201626 as a follow-on to the
first AePW workshop held in May 2012.27 The objective of the workshop was to assess the capability of
current CFD tools to predict the onset of flutter over a simplified configuration consisting of a rigid wing
(Benchmark Supercritical Wing or BSCW) mounted on a flexible pitch and plunge (PAP) apparatus. Since a
precursor to accurate aeroelastic predictions is the ability to compute unsteady flows, a significant component
of AePW2 (and the main focus of AePW1) was devoted to assessing the predictive ability of unsteady RANS
CFD calculations through the inclusion of a prescribed pitching motion case for the BSCW. In this sense,
both the AePW and HPW are relevant to any survey of CFD technologies, since they provide a focus on
unsteady CFD capabilities which is lacking in the DPW and HLPW series. In these cases, not only spatial
discretization errors must be considered (through grid refinement studies), but also temporal resolution and
algebraic error (due to incomplete convergence at each implicit time step) must be studied to assess their
impact on overall predictive ability.

Recently, there has been a growing interest in the possibility of the increased use of computational methods
in general and CFD in particular for reducing the time and expense for aircraft certification. Within the
AIAA, a Community of Interest (CoI) on Certification by Analysis (CbA) has been formed. One of the near
term objectives of the CoI is the creation of a Recommended Practices standards document which would be
used to guide the use of CbA by industry and streamline the acceptance of CbA by regulatory agencies in
the determination of compliance. Additionally, NASA has issued a contract to a Boeing-led consortium of
industry, academic and government partners to study the potential for CbA and outline a roadmap for the
development of future technologies required to make CbA a reality. Notably, many of the candidate cases for
CbA involve dynamic maneuver simulations, which will fully exercise the unsteady moving geometry CFD
capabilities discussed above, possibly requiring the inclusion of aeroelastic effects.

One of the impediments outlined in the CFD2030 report is the fact that our ability to generate increasingly
finer meshes has lagged behind advances in computational capability both from an HPC hardware standpoint
and from CFD solvers themselves. As noted in the results from the high-lift workshop series, commonly used
grid sizes have not increased substantially between the last two workshops and have plateaued in the region
of 100 million points. The need for much finer computational meshes for difficult cases such as predicting
CLmax

has been discussed, and given the CFD2030 objective of computing on meshes with (O)10B to 100B
points or degrees of freedom in the near future, significant advances in this area will be required. This
call to action has been taken up by the AIAA Meshing, Visualization and Computational Environments
TC, with two sponsored Geometry and Mesh Generation workshops (GMGW)now completed. The most
recent, GMGW-2,28 held in January 2019, included a session on exascale grid generation, with the objective
of making production generation of grid sizes of the order of 30B cells or points a reality. Significant
progress was demonstrated in GMGW-2, with several participants achieving the generation of grids of the
order of 1B cells on the High-Lift CRM geometry using a variety of hardware platforms ranging from simple
desktop machines to larger scale HPC hardware. As an alternative approach towards achieving more accurate
simulations, higher-order accurate discretizations may be employed on coarser meshes with higher numbers of
dofs per grid point or cell. However, to achieve their full potential, higher-order finite-element discretizations
require the use of curved mesh elements which respect the underlying geometry. Thus the GMGW workshops
have also promoted the development of mesh curving technologies,29 which in turn have positively impacted
the progress of high-order discretizations in CFD.

In addition to the above activities, there have been various community efforts that more directly impact
CFD technologies. For example, the objectives of the International High-order Methods Workshop series
include “providing an open and impartial forum for evaluating the status of high-order methods (order of
accuracy > 2) in solving a wide range of flow problems” and “assessing the performance of high-order meth-
ods through comparison to production second-order CFD codes widely used in the aerospace industry with
well-defined metrics”.30 The first workshop was held in January 2012, with follow-up workshops held in 2013,
2015, 2016, and the most recent (fifth) workshop held in January 2018. The workshops traditionally have
consisted of a series of test cases ranging from simple canonical flows up to more challenging industrial aero-
dynamic configurations. Of particular interest to this survey is the inclusion of the CRM at transonic cruise
conditions, taken from the DPW series, and high-lift test cases (DLR-F11 and HL-CRM) taken from the
HLPW series. In the most recent workshop (HiOCFD5),30 various participants demonstrated solutions using
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continuous finite-element (Streamwise Upwind Petrov Galerkin or SUPG) and discontinuous Galerkin (DG)
discretizations up to third (p=2) and fourth-order accuracy (p=3) on the transonic CRM and high-lift cases.
The workshop results firmly established the feasibility of using these high-order discretizations for industrial
aerodynamic CFD problems, while demonstrating impressive accuracy gains on relatively coarse meshes,
particularly in going from second-order (p=1) to third-order accurate (p=2) discretizations. On the other
hand, the workshop did not focus strongly on computational expense, and it is widely acknowledged that
these high-order accurate solutions are relatively expensive compared to traditional second-order accurate
methods on a cost per degree-of freedom basis. While the true metric of importance is cost per equivalent
level of accuracy, such metrics have not been thoroughly studied to date. On the other hand, the workshop
also demonstrated significant advantages for high-order methods when used as scale-resolving methods for
wake capturing and large-eddy simulations (LES) of canonical problems with well-defined accuracy metrics
such as the Taylor Green Vortex problem. Some of the conclusions that can be drawn from the workshop
series are that, for steady-state RANS problems, improved linear and non-linear solution algorithms are
pacing items that are needed to make these approaches more competitive, while for scale-resolving methods
nonlinear stability at high order remains a concern.

Within the AIAA, a CFD solver discussion group was formed several years ago, which has been very
active in creating a forum for discussion and assessment of various aspects of RANS solver technology,
including the assessment of existing capabilities, identification of critical technology gaps, and establishing
methodologies for assessing advanced methods for RANS solutions. In particular, the group has established
a set of well resolved reference solutions for verification of RANS solvers,31 which can be found on the
NASA turbulence modeling resource web site.32 The Discussion Group has also established a consistent
methodology for the assessment of grid convergence for both structured and unstructured grids using different
element types, and has created and distributed efficient grid generation and coarsening programs for the
benchmark cases in support of this endeavor.33 Finally, the Group continues to provide assessments of new
discretization schemes, mesh adaptation approaches, and advanced iterative convergence techniques through
special sessions organized at SciTech-2015, SciTech-2016, SciTech-2018 and a special section publication in
AIAA Journal (2017).34

The above overview of community activities provides a high-level view of advances made in the state-
of-the-art of CFD methods for aerodynamic problems. In the following sections we provide a more detailed
look at some specific technological advances and challenges in CFD discretizations and solution techniques.
As the above discussion has shown, these two areas are intertwined and must be considered in unison.
For practical purposes, the following discussion is separated into a first part which focuses on RANS and
unsteady RANS (URANS) methods, and a second part which considers scale-resolving methods. This is
due to the fact that the critical technologies, limiting factors and outstanding challenges are significantly
different for these two approaches, both of which will play a significant role in computational aerodynamics
for the foreseeable future.

III. Reynolds-Averaged Navier Stokes (RANS) Methods

One of the fundamental challenges in CFD in the current era is extending the success CFD has had in the
prediction of on-design conditions, as documented in the DPW series, to the outer edges of the flight envelope
where cases with significant areas of turbulent separated flow must be predicted accurately. Recently, several
workshops have been held focusing on the successes and limitations of turbulence modeling for separated
flows, including the University of Michigan workshop on Advances in Turbulence modeling held in July
201735 and the NASA Sponsored CFD Prediction Error Assessment Workshop36 held in March 2018. Part
of the outcome of these activities is a growing realization that scale-resolving methods may be required to
achieve suitable predictive accuracy for such cases. However, RANS methods can be expected to remain the
dominant approach in computational aerodynamics over at least the next decade, due to the step increase
in computational expense required in moving to DES or LES methods. Furthermore, RANS methods will
remain as essential building blocks in multidisciplinary analyses (.e.g. aero-elastic, aero-servo-elastic, aero-
thermal-elastic etc.) as well as in single and multidisciplinary optimization problems. At the same time,
current RANS technologies are being stressed by the drive to higher accuracy and larger meshes, all of which
expose deficiencies particularly in linear and nonlinear solution technologies, and in the efficiency with which
these port to emerging HPC architectures. For all of these reasons, it is important to continually evaluate the
capabilities of new and emerging RANS technologies and to advocate for further development in these areas.
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In the following section, we first look at second-order accurate RANS methods, including both finite-volume
and finite element (p=1 SUPG) discretizations. In a second part, we look at higher order SUPG and DG
discretizations and solvers applied to RANS aerodynamic problems.

A. Second-Order RANS Methods

The inclusion of p=1 SUPG methods alongside traditional second-order accurate finite-volume (FV) and
finite-difference (FD) methods is motivated by the fact that, on the same computational mesh, these methods
result in the same number of degrees of freedom. Additionally, SUPG methods do not require mesh curving
at p=1 and can therefore operate on the same meshes as traditional methods. (We note that this is not
the case for p=1 DG discretizations, which are relegated to the following section on higher-order methods).
Additionally, while FV (and FD) methods dominate production CFD RANS methods, p=1 SUPG methods
are also being used successfully in production mode.37,38

Over the last several years, there has been growing interest in SUPG discretizations for production
RANS CFD codes.38–43 Earlier work44 pointed to the efficiency advantages of SUPG discretizations at low
p orders over corresponding DG discretizations on equivalent meshes. These advantages have now become
more well accepted with further comparisons of schemes for increasingly complex RANS problems.45 The
lower cost of SUPG methods is a direct result of the larger number of degrees of freedom inherent in a DG
p=1 discretization compared to a p=1 SUPG discretization on the same mesh. SUPG discretizations at
p=1 have conclusively demonstrated higher accuracy compared to traditional second-order accurate finite-
volume discretizations on equivalent meshes.32,46,47 Furthermore, SUPG discretizations appear to be less
sensitive to grid irregularities, as witnessed by the ability of these discretizations to produce competitive
solutions for high-Reynolds number RANS problems using fully tetrahedral elements in the highly stretched
boundary layer regions of the mesh, versus the requirement of using prismatic elements in these regions for
finite-volume based approaches. Although the availability of meshes with prismatic layers in boundary-layer
regions is now widespread, the ability to employ tetrahedral elements throughout the computational domain
offers advantages particularly for use with anisotropic AMR techniques, where most progress has been made
using fully simplicial (i.e. tetrahedral in 3D) elements.48,49

On the other hand, it can be said that, in many cases, the computational cost in solving steady-state
RANS problems using p=1 SUPG discretizations is still significantly higher than what can be achieved
with state-of-the-art unstructured mesh finite-volume solvers. This may be due in large part to the fact
that SUPG discretizations are most often converged to steady state using robust Newton-Krylov solvers,
since weaker solvers such as point-implicit or nonlinear multigrid methods often fail to converge for these
discretizations. In fact, when used in conjunction with finite-volume discretizations, Newton-Krylov solvers
also incur substantial additional expense over simpler solvers in what is a classic trade-off between robustness
and efficiency.50,51 Whether the enhanced accuracy of SUPG discretizations is worth the added cost, and/or
whether more efficient solvers can be devised for these discretizations remain open research questions today.
Nevertheless, research on solvers for SUPG (and DG discretizations) has had a beneficial effect on the
development of efficient and robust solvers for traditional finite-volume discretizations, as Newton-Krylov
techniques originally developed for these finite-element discretizations have been applied increasingly to FV
discretizations.

In general, solution approaches for steady and unsteady RANS problems can be formulated using local
nonlinear solvers, inexact Newton schemes with associated linear solvers, and as exact Newton or Newton-
Krylov methods with nonlinear continuation techniques. To describe these methods we begin by writing the
equations to be solved as:

∂w

∂t
+R(w) = 0 (1)

where w represents the flow variables or degrees of freedom (dofs) and R(w) represents the spatial residual
which is a nonlinear operator or function of w. The first step consists of adding a pseudo-time term to the
equations resulting in

∂w

∂τ
+
∂w

∂t
+R(w) = 0 (2)

For time-dependent problems solved using implicit time stepping, the physical time derivative ∂w
∂t must

also be discretized, and this is usually accomplished using a second-order backward-difference discretization
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(BDF2), although other temporal discretizations such as implicit Runge-Kutta and time-spectral methods
have also been used. For simplicity, for now we consider the steady-state case in which the physical time
derivative vanishes. In this case we can write a general implicit solution method as:

M(wn+1 − wn)

∆τ
+R(wn+1) = 0 (3)

Solving this via a Newton scheme yields[
M

∆τ
+
∂R

∂w

]
∆wn+1 = −R(wn) (4)

wn+1 = wn + α∆wn+1 (5)

where M is a suitable mass matrix (which reduces to the cell volume for FV schemes), and α is a parameter
between 0 and 1 which is used to under-relax the update as needed. At each step of the Newton scheme,
the left-hand side of equation (4) is inverted (approximately) to obtain the update ∆wn+1, which in turn
is used to advance the nonlinear solution. For an exact Newton scheme the ∂R

∂w matrix represents an exact
linearization of the right-hand-side residual operator R(w), whereas for inexact Newton methods, an approx-
imate linearization is used. For finite-volume schemes, inexact Newton schemes using first-order Jacobian
approximations based on a nearest-neighbor stencil represent the most common approach. Generally the
left-hand-side is inverted iteratively, by splitting the Jacobian as[

M

∆τ
+ [D]

]
∆wk+1 = −R(wn)− [O] ∆wk (6)

where k denotes the index of the inner (linear) iteration process, which converges such that ∆wk → ∆wn+1

for k >> 1. The splitting ∂R
∂w = [D] + [O] is constructed such that [D] is easily inverted. For example if [D]

is chosen as the block diagonals of the Jacobian matrix, the above is easily solved through local inversion
of each block matrix associated with each grid point or control-volume. Alternatively, [D] may represent a
block tridiagonal matrix resulting from the identification of line structures in the mesh, which is also easily
inverted using the Thomas algorithm.52 Simple local nonlinear solvers may be constructed by performing
a single subiteration on the linear system with ∆w0=0, obviating the need to store the [O] matrix, and
updating the nonlinear residual at each step as:[

M

∆τ
+ [D]

]
∆wn+1 = −R(wn) (7)

wn+1 = wn + α∆wn+1 (8)

Alternatively, equation (6) can be partially solved using a small number of linear iterations while the
pseudo-time step is gradually increased at each outer nonlinear iteration in order to obtain a solver which
approaches the steady-state residual equation R(u) = 0 at high values of ∆τ (or CFL, which is used to scale
the pseudo-time step).

For a Newton-Krylov scheme, equation (4) is solved using a Krylov method,53 which only requires the
product of the left-hand side Jacobian matrix with a vector. This facilitates use of the exact linearization
particularly for FV schemes with extended stencils since the matrix-vector product can be assembled effi-
ciently on the fly from stored matrix subcomponents or by finite-differencing the residual vector.54 Since
SUPG and DG methods employ a nearest neighbor stencil, Newton schemes with exact linearizations are
usually employed directly.

Because the success of Krylov methods rests on the ability to employ an efficient preconditioner, the linear
solver techniques described above are generally used as preconditioners for the Krylov method. Whether
this approach is used to construct an iterative nonlinear solver, an inexact Newton scheme, or a Newton-
Krylov scheme, the splitting ∂R

∂w = [D] + [O] represents the weakest component of the solution strategy,
since this corresponds to a local technique (either as a nonlinear solver, linear solver or preconditioner), and
the overall solution strategy cannot be expected to scale optimally as the problem size is increased. Using
an ILU factorization of the Jacobian matrix (possibly with varying levels of fill-in) represents a more global
approach to the linear solution or preconditioner phase of the solver. However, ILU techniques are inherently
sequential and are most often implemented individually on each mesh partition for distributed memory
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parallel applications. When large numbers of processors are used, the effectiveness of the ILU approach is
diminished for these reasons. Additionally, use of ILU with high levels of fill incurs substantial memory
overheads making these methods ill-suited for use on emerging massively parallel computer architectures.
On the other hand, shared memory ILU implementations have shown some success as preconditioners for
Newton-Krylov methods applied to SUPG discretizations.55

Alternatively, the local nonlinear solvers, linear solvers or preconditioners may be used as smoothers
within a multigrid algorithm. For example, a nonlinear full approximation storage (FAS) multigrid solver
based on a nonlinear line-smoothing algorithm has been developed by the author in the 1990’s and used
successfully for unstructured mesh RANS problems.56–59 Nonlinear multigrid methods were initially very
popular in both structured and unstructured CFD RANS solvers, but have fallen out of favor lately due to
robustness issues with nonlinear multigrid methods for difficult problems. Alternatively, an analogous linear
multigrid solver can be used to accelerate the solution (or preconditioning) of the linear system to be solved
at each step of a Newton solver making the overall Newton solver more scalable.50,51

Figure 2. Illustration of unstructured mixed element mesh of approximately 1.2 million points and steady-state
transonic flow solution for DLRF6 wing-body test case for Mach=0.75, Re=3 million, Incidence = 1o

(a) (b)

Figure 3. Convergence histories for various solvers in terms of (a) nonlinear cycles and (b) wall-clock time for
DLRF6 test case.

Figures 2 and 3 illustrate the convergence obtained using the NSU3D code developed by the author for
a relatively easy problem, namely steady-state transonic flow over a wing-body configuration on a mixed
element (prism-pyramid-tetrahedra) unstructured mesh of 1.2 million points.51 The baseline solver is a line-
implicit method, where [D] in equation (6) corresponds to a block-tridiagonal matrix obtained by identifying
line structures in the boundary layer regions of the mesh.58 When used as a simple nonlinear solver, conver-
gence is relatively slow, requiring over close to 10,000 iterations to reach machine zero residuals (although
force coefficients converged to engineering precision are obtained at a fraction of this cost). However, when
this approach is used as a smoother for a nonlinear full-approximation storage (FAS) multigrid method,60
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convergence is much faster, achieving ten orders or magnitude reduction in the residuals in just over 2000
multigrid cycles. Alternatively, the analogous line smoother may be used to drive a linear multigrid solver
employed within an inexact Newton scheme (based on a first-order Jacobian approximation in equation (4)).
Using four linear line-smoothing sweeps on each mesh level, and three linear multigrid cycles for each nonlin-
ear update, convergence to the same level (10 orders) is obtained in just 600 nonlinear steps. Finally, using
an exact Newton-Krylov approach, where the linear system is preconditioned with the aforementioned linear
multigrid solver, convergence to steady state (ten order reduction) is obtained in just 80 nonlinear updates.
Figure 3(b) compares these different solution techniques in terms of cpu time, running on 128 cores of a
modern day computer cluster, showing that the inexact Newton scheme with linear multigrid provides the
fastest solution time, while the Newton-Krylov method provides rapid final convergence but requires more
time overall due to its slow initial convergence.

(a) (b)

Figure 4. Convergence histories for linear multigrid on coarse, medium and fine meshes and (b) comparison
of fine mesh convergence for linear multigrid versus Newton-Krylov method for DLR-F11 high-lift test case
from HLPW2.

As mentioned previously, for more difficult cases the multigrid algorithms often fail to fully converge.
This is illustrated in the example depicted in Figure 4, for a high-lift case taken from HLPW2. Here we use
a sequence of three progressively finer meshes for the DLR-F11 Rev 2 (no flap track fairings) configuration,
consisting of 10 million, 30 million and 76 million grid points for the coarse, medium and fine meshes
respectively. These meshes were supplied as workshop meshes (and are available at the workshop website).61

For this case, the nonlinear multigrid algorithm fails to fully converge on the medium and fine meshes. The
linear multigrid method converges well for the coarse and medium mesh, providing near grid independent
convergence rates. On the finest mesh, initial convergence follows that achieved on the coarse and medium
meshes, but eventually stalls out and fails to reach full convergence. Conversely, the multigrid preconditioned
Newton-Krylov solver can be used to fully converge the fine mesh problem, demonstrating the increased
robustness of this approach. However this comes at significant additional cost, as shown in Figure 4(b)
where the linear multigrid and Newton-Krylov convergence histories for the fine mesh are plotted in terms of
iterations for the linear multigrid solver and cumulative Krylov vectors for the Newton-Krylov solver, which
provides a comparative measure of computational effort for both schemes. Using the Newton-Krylov solver
to fully converge this problem requires four to five times more computational resources that would have been
required by the linear multigrid solver if it had not stalled.

The above examples illustrate a hierarchy of increasingly robust solvers, progressing from nonlinear multi-
grid to fully implicit exact Newton methods. However, this robustness often comes at a cost in computational
resources as shown in this example. Furthermore, the number of solver parameters that are used to tune the
solvers increases as one proceeds along this hierarchy. At the lower end, the nonlinear multigrid algorithm
requires virtually no tuning parameters (except for the number of non-linear cycles per grid level), while
the inexact Newton solver requires additional settings for the number of linear cycles or a linear system exit
tolerance, as well as a growth strategy for the pseudo-time step. Finally, the exact Newton-Krylov solver
requires setting the number of Krylov vectors, or a linear system solution exit tolerance, in addition to
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the number of sweeps for the linear multigrid preconditioner, and a prescription of a suitable continuation
strategy. In this case a pseudo-transient continuation with nonlinear line search has been used as discussed
below. While these tuning parameters allow for optimization of the solver for different test cases, they can
also easily lead to excessively long solver run times, for example by requiring over-solving of the linear system
at particular phases along the nonlinear solution path.

However the Newton-Krylov approach has some built-in advantages as an overall solution strategy. In
the final phases of convergence, when the residual and nonlinear update are small, the obtained reductions
in the linear system residual are translated into nearly equivalent reductions in the nonlinear residual, since
the neglected higher order terms in the Taylor series expansion at the core of the derivation of equation (4)
become truly small. Thus over-solving of the linear system becomes less of a concern. Furthermore, the
underlying linear iterations are more cost-effective than equivalent nonlinear iterations (for example linear
multigrid compared to nonlinear multigrid) because linear solver iterations can be formulated as a matrix-
vector product, which amortizes initial costs of matrix factorization and avoids recomputing any costly
nonlinear terms in the residual vector.50 Additionally, Krylov methods can be used to guarantee monotone
linear system convergence62 (although stagnation may occur), whereas no such proofs exist for nonlinear
systems. On the other hand, the principal disadvantage of Newton-Krylov methods is that they provide
slow initial convergence and spend most of their time in the nonlinear continuation phase. Thus, in order
to develop more efficient and robust solvers, improvements in both linear and nonlinear solution techniques
are required.

1. Linear solvers and Preconditioners

Efficient linear solvers are required to solve the linear problem arising at each non-linear step in inexact or
exact Newton solvers. For finite-volume discretizations, a common approach consists of using an approximate
Jacobian matrix corresponding to the linearization of a first-order discretization based on a nearest neighbor
stencil. This simplified linear system can then be inverted approximately using iterative techniques or matrix
factorization methods. Alternatively, a Newton-Krylov method can be used to solve the linear problem arising
from the exact linearization based on a Krylov method. Since Krylov methods only require the evaluation
of Jacobian-vector products, this can be achieved either by finite-differencing the residual,54 or by storing
subcomponents of the Jacobian matrix which can be used to assemble exact Jacobian-vector products for
extended stencil discretizations. In this context, the same linear iterative or matrix factorization solver
techniques are employed indirectly as preconditioners for the Krylov method. A principal advantage of p=1
SUPG discretizations is that they result in a nearest neighbor stencil, and the usual practice is to employ a
Newton method with iterative or matrix factorization preconditioners based on the exact Jacobian matrix.
For finite-volume schemes, simple iterative linear solvers such as block Jacobi, colored block-Gauss-Seidel, or
block line solvers are often used. Significant efficiency gains have been reported with the use of more implicit
linear solvers such as block line solvers, particularly when these are used as linear solvers within a Newton
scheme rather than directly as local nonlinear solvers. As an example, Figure 5 illustrates the time required
for solution convergence of various standard test cases for a point-implicit versus a line-implicit iterative
linear solver strategy used as a preconditioner within the Hierarchical Adaptive Nonlinear Iterative Method
(HANIM) solver for the NASA USM3D code.63 HANIM employs a Newton-Krylov strategy with robust
pseudo-transient continuation (PTC) strategy. The horizontal axis in the figure corresponds to a measure of
grid size or resolution, and the vertical axis corresponds to solution time normalized by the number of grid
points or mesh size. For all three test cases, the line-implicit approach is seen to deliver convergence rates
which are much less sensitive to increases in grid resolution compared to the point-implicit approach.

As an alternative to local iterative schemes, sparse matrix factorization techniques have also been em-
ployed extensively as linear solvers for CFD problems. Incomplete LU factorizations with varying levels
of fill (ILU(k)) have been applied to FV discretizations64–66 and are perhaps now the most common linear
solver or preconditioning approach used for the solution of p=1 and higher SUPG and DG discretiza-
tions.38,39,42,45,67,68 These methods are more global in nature than the aforementioned local iterative
solvers. The principal drawback is that they are inherently sequential algorithms and are usually used in a
partition-local sense in a distributed memory parallel computing environment. This leads to a breakdown
of numerical convergence effectiveness for large processor counts, although Schur complement approaches 66

or using overlap within an alternating Schwarz strategy can mitigate this effect to some degree.69,70 Ad-
ditionally, ILU methods are often unstable when applied iteratively and are therefore most often used as
a preconditioner for Newton-Krylov methods. One advantage of ILU methods is that one can easily select
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Figure 5. Variations of normalized CPU time to solution with respect to degrees of freedom (N) for point
and line-implicit solver in NASA USM3D code. The CPU time is normalized by N. The parameter d is case
dimension.Reproduced from63

increasing levels of fill to produce a stronger (more global) preconditioner, although this comes at the expense
of increased memory overheads. Figure 6 illustrates the solution of a p=1 SUPG discretization, for transonic
flow over the DPW CRM configuration on a fully tetrahedral mesh of approximately 6.2 million vertices
(36.6 million elements), using ILU(k) distributed over 640 processors or cores. At this level of partitioning,
the effectiveness of the ILU preconditioner is weakened. Using k=2 results in a non-convergent solver, and
three levels of fill (k=3) are needed to produce a convergent algorithm as shown in Figure 6.

As mentioned previously, one approach to improving the scalability of ILU methods is to use over-
lap within a Schwarz method69 or a Schur complement technique66 to solve more exactly across partition
boundaries. As an alternate strategy, we have explored the use of iterative line-implicit preconditioners
for use with p=1 SUPG discretizations.71 Devising stable iterative solvers for SUPG discretizations has
proven to be problematic, likely due to the lower diagonal dominance of the Jacobian matrix resulting from
the linearization of the SUPG discretization (compared to FV). Our approach consists of formulating the
preconditioner as a defect-correction scheme, where the left-hand side implicit matrix to be inverted is con-
structed using the Jacobian elements along lines formed in the unstructured mesh with an added pseudo-time
step on the diagonal based on a lower CFL value (or pseudo-time step) determined for stability of the itera-
tive scheme. In this formulation, the right-hand side of the defect-correction scheme consists of the residual
of the linear system to be solved by the Krylov method, which employs a larger CFL value or pseudo-time
step sizes determined by the pseudo-transient continuation of the Newton solver. This dual CFL approach
is found to provide a stable iterative preconditioner which delivers convergence rates which are independent
of the number of processors used (provided the partitioning does not break any of the line structures in the
mesh), and incurs substantially lower memory overheads compared to the ILU preconditioner. Results from
a study on the aforementioned CRM test case are given in the table presented in Figure 7, where the ILU
preconditioner is seen to require increasing levels of fill to produce a convergent solver at high processor
counts, while also being constrained at low processor counts by available memory. In comparison, the itera-
tive line preconditioner requires approximately the same time to solution as the ILU preconditioner, but is
more scalable, in that it produces the same convergence (shown in Figure 6) for all processor counts and is
not memory constrained.

Noting that the ILU factorization of a tridiagonal matrix is exact (i.e. no fill in occurs), further work
has explored the idea of defining sub-structures within the local Jacobian matrices that can be factorized
either exactly or approximately with minimal fill-in using the ILU(k) approach. The explored method can
be viewed as a generalization of the implicit line-smoothing technique by extending the groups of implicitly-
solved unknowns from lines to blocks, while the blocks are formed by partitioning the computational domain

11 of 30

American Institute of Aeronautics and Astronautics



(a) (b)

(c)

Figure 6. Convergence histories for DPW4 test case using SUPG p=1 discretization for (a) Newton-Krylov
solver with ILU(2) preconditioner, (b) ILU(3) preconditioner and (c) Implicit Line Jacobi preconditioner
(PILJ)

Figure 7. Convergence characteristics of ILU Newton-Krylov method using increasing fill levels on larger
numbers of partitions

such that the strong connections between unknowns are not broken by the partition boundaries.72 The
resulting method is referred to as the block ILU smoothing method. Figure 8 illustrates the convergence
obtained on a grid of 2 million points (12 million tetrahedra) for the High-Lift CRM using the block ILU
smoother. In this case the blocks contain approximately 2000 mesh points and ILU(0) factorization was
used. The block ILU smoother is applied iteratively, using 200 smoothing passes per Krylov vector, and
convergence to machine precision is obtained in just under 80 nonlinear steps.

Although iterative techniques including line solvers have been successful in accelerating convergence
of production CFD codes for many cases, these methods still correspond to local techniques, and cannot
be expected to deliver optimal convergence for problems on increasingly finer meshes. One approach to
extending the efficiency of iterative linear solvers is to use them as smoothers on each level of a linear
multigrid algorithm, which is used in turn as a solver for inexact Newton methods, or as a preconditioner
for Newton-Krylov solvers. This is the approach taken in the results presented in the previous section
using NSU3D, where the inexact Newton solver is driven by a linear agglomeration multigrid method using
block line-smoothers on each level, while this same approach is used as a preconditioner for the Newton-
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Figure 8. Convergence history of ILUB method for HL-CRM test case on mesh of 2 million points for p=1
SUPG discretization.

Krylov solver in those examples. Although there is little evidence of significant new developments in linear
multigrid methods in the aerospace engineering literature, there has been a sustained effort within the applied
mathematics community and the US Department of Energy (DoE) communities to develop general purpose
scalable linear solvers based on algebraic multigrid (AMG).73–76 Preliminary attempts at using some of these
libraries for second-order accurate CFD discretizations have been encouraging, but overall performance still
lags that achieved with custom implementations.71 Part of this may be due to optimization of solver tuning
parameters in these libraries and studies are on-going. However, in many cases, existing AMG libraries
have struggled to produce competitive solutions on the linear systems arising from compressible flow CFD
problems. In particular, the coarse grid operators resulting from the linearization of CFD discretizations
have often been found to be unstable for the usual iterative solvers such as Gauss-Seidel.77 These difficulties
may be due to the fact that some of the heuristics used in custom CFD linear solvers, which often arise
from intuition or physical reasoning, are not available for general purpose linear solvers. However, it is
also well known that many commercial CFD products make use of algebraic multigrid linear solvers as
components in their overall solution strategy.78 These issues point to the need for more targeted research
for the development of scalable linear solvers for compressible flow problems.

2. Nonlinear solver techniques

There have been significantly fewer developments for nonlinear solution techniques over the last decade
compared to linear solvers. This may be due to the fact that linear solvers can be more easily abstracted
out from application codes and addressed as applied mathematics problems. Furthermore, advances in
linear solver techniques can be incorporated into libraries which can be reused by diverse sets of application
codes.79 On the other hand, the success or failure of nonlinear solution techniques is often intricately tied
to the specific application at hand.

Nonlinear multigrid solvers such as the full-approximation storage (FAS) multigrid method are appealing
because in many instances they require few ad-hoc parameters and are known to be optimal solvers for model
problems.60,80 Research in these methods for CFD problems has decreased significantly since key advances
were made more than 20 years ago, and a search of multigrid methods in AIAA publications over the last 6
years returns only 10 entries. Nevertheless, many production CFD codes contain a nonlinear multigrid solver
capability including the author’s NSU3D code,51 the DLR tau code,81 the ONERA elSA code ,82 the JAXA
FaSTAR code83 and the NASA production codes FUN3D and Overflow .84,85 In particular, the multigrid
solver developed in the NASA FUN3D code84 differs from the usual multigrid literature in that a strong
Newton-Krylov solver with associated linear preconditioners is used on each level of the multigrid sequence,
as opposed to the more common approach of using simple local nonlinear smoothers on each level.80 Figure 9
reproduced from reference84 demonstrates consistent rapid convergence for the transonic CRM test case from
DPW5 on a sequence of progressively finer meshes with the finest mesh containing 5.2 million points. In this
case, the multigrid algorithm has been optimized for structured meshes, although an agglomeration multigrid
method for general unstructured meshes is also described. Figure 10 illustrates the speedup in wall-clock
time obtained using the multigrid algorithm compared to the single grid solver showing close to an order of
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magnitude efficiency gain for this test case. However, as with most production CFD codes, whether these
gains can be maintained for increasingly complex industrial test cases on finer unstructured meshes remains
to be demonstrated.

(a) (b)

Figure 9. Illustration of structured surface mesh for CRM configuration and convergence history on sequence
of progressively finer meshes using nonlinear multigrid approach implemented in FUN3D code. Reproduce
from84

(a) (b)

Figure 10. Comparison of single versus multigrid convergence for CRM test case. Reproduced from84

With regards to solver robustness, one of the important developments over the past several years has
been the more widespread adoption of a line-search technique coupled with pseudo-transient continuation
(PTC) for Newton-Krylov methods. Although line search techniques have been well known for optimization
methods,86 their use for PTC Newton-Krylov solvers in aerodynamic CFD problems appears to have been
implemented first in the Boeing GGNS code37 and later refined by Ceze et al.87 and others.46 The general
idea is to choose a value of 0 ≤ α ≤ 1 in equation (5) which maximizes the decrease in the L2 norm of

the nonlinear unsteady residual Runsteady(wn+1) = M(wn+1−wn)
∆τ + R(wn+1). Provided ∂R

∂w represents the
exact linearization of R, a reduction in the L2 norm of the unsteady residual is guaranteed for small enough
values of α ε [0, 1].87 The optimal value of alpha is usually determined by evaluating the residual vector
Runsteady(wn + α∆wn+1) for several values of alpha, possibly using a curve fit to minimize the functional
‖Runsteady(α)‖2 . The line search is linked with the pseudo-transient continuation algorithm by increasing
the pseudo-time step when the full update is taken (i.e. α = 1) and decreasing the pseudo-time when
α � 1. This approach has been found to be much more reliable than earlier strategies based on residual
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norm alone88 and is one of the key developments that has enabled more widespread use of Newton-Krylov
solvers for computational aerodynamics.

However, in spite of the success of line-search based PTC methods, Newton-Krylov solvers still expend a
significant portion of their time in the nonlinear continuation phase of the algorithm for more difficult cases
and additional techniques for accelerating this phase of the solver are desirable. More recently there has been
research in the use of homotopy-based methods for accelerating the continuation phase of Newton-Krylov
solvers with some success, particularly for stiff problems.89,90 Other methods have been proposed, such as
nonlinear preconditioning, where the global nonlinear problem is broken up into smaller nonlinear problems
that are solved individually,91,92 although little success has been observed with this approach for practical
CFD problems in our own experience. In recent work, we have proposed a residual smoothing technique for
accelerating nonlinear continuation.93,94 In this approach, the right hand side of equation (4) is augmented
with a smoothed residual as:[

M

∆τ
+
∂R

∂w

]
∆wn = −R(wn)− M

∆τ
[D]

−1
R(wn) (9)

where the last term on the right hand side consists of an update formed by application of a local nonlinear
smoother [D]

−1
R(wn) (i.e. nonlinear Jacobi, Gauss-Seidel or line solver) rescaled by the factor M

∆τ for con-
sistency. Figure 11 illustrates the application of this method to the wing-body transonic problem described
earlier in Figure 2. The smoothing operator is formed by taking the aggregate solution update resulting
from 5 nonlinear line-implicit smoothing steps. Using this simple modification, the Newton-Krylov scheme
converges in 44 nonlinear steps compared to 80 for the unsmoothed case. In Figure 11 the convergence
histories are plotted in terms of the cumulative Krylov vectors used, which provides a better measure of
required computational time. In this case, the addition of residual smoothing reduces the total number of
cumulative Krylov vectors employed by a factor of 2, resulting in a corresponding reduction in overall cpu
time to solution. Another approach for accelerating the nonlinear continuation phase is to use a nonlinear
(FAS) multigrid algorithm, where periodic visits to a coarser grid are performed to compute nonlinear cor-
rections to the Newton-Krylov solver operating on the fine grid. This approach exhibits some similarities to
the FUN3D multigrid strategy discussed previously in Figures 9 and reference,84 although in this case the
algorithm is designed to recover an exact Newton solver in the final phases of convergence. This approach has
demonstrated increases in nonlinear solution efficiency when used on its own95 and when used in conjunction
with the residual smoothing approach discussed previously as shown in Figure 11(c) taken from reference.94

It should be noted that Newton-Krylov methods for computational aerodynamic problems were intro-
duced early on by Wigton,54 and later as an alternate solver in the NASA FUN3D code, which won the
1999 Gordon Bell prize,65 but did not become widely adopted as mainstream production solvers until more
recently. This is in contrast to their early and extensive use in other application areas particularly within
the DoE. Part of the reason for the resurgence of these solvers in computational aerodynamics may be due
to the increased availability of exact linearizations, the success of line-search pseudo-transient continuation
methods and the increased need for convergence to low residual tolerances for more demanding problems.
Krylov methods on their own are useful techniques for accelerating the solution of linear problems, and they
are being increasingly adopted for the solution of adjoint problems which arise in the context of design opti-
mization and are linear problems. Additionally, Krylov methods can be used to provide tighter coupling for
multidisciplinary problems following the physics-based preconditioning approach originally discussed in ref-
erences.96,97 In this approach, a loose coupling approach where each discipline is solved in turn while lagging
the other discipline(s) (i.e. disciplinary Gauss-Seidel) is used as a preconditioner for a Newton-Krylov scheme
based on the linearization of the fully coupled multidisciplinary problem. One of the first demonstrations
of this approach for aero-structural problems can be found in reference,98 which has been used extensively
in subsequent work.99 Figure 12 reproduces a comparison taken from reference100 between the convergence
obtained for a loosely coupled approach versus the fully coupled Newton-Krylov strategy for a steady-state
aerostructural problem based on the CRM, which requires the coupled solution of the flow equations, mesh
deformation equations and structural model equations. In this particular case, the fully coupled approach
achieves close to a factor of 2 in overall reduction in solution cost as shown from the convergence histories of
the individual disciplinary residuals. The reference also shows how the benefits of the fully coupled approach
increase for more flexible structures or higher dynamic pressures. In addition to the analysis problem, this
same approach can be used for solution of the corresponding coupled adjoint problem. General strategies
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(a) (b)

(c)

Figure 11. Convergence of (a) baseline Newton-Krylov method and (b) Newton-Krylov method with residual
smoothing and (b) Newton-Krylov with residual smoothing and FAS multigrid continuation for F6 wind-body
test case in terms of cumulative Krylov vectors. Reproduced from94

for fully coupled multidisciplinary Newton-Krylov solvers have been implemented in the NASA OpenMDAO
framework.101

Figure 12. Convergence of aero-structural analysis problem using Newton-Krylov approach applied to fully
coupled problem versus loosely coupled approach for CRM aerostructural test case. Reproduced from100

Finally, preconditioned Newton-Krylov methods for time-spectral problems have been demonstrated
where the Newton-Krylov scheme is applied to the linearization of the full space-time system of equations for
periodic problems in time, showing increases in computational efficiency of the order of 2 over the standard
approximate factorization scheme.102–104
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B. Higher-Order RANS Methods

In this section we consider p ≥ 1 DG discretizations and p ≥ 2 SUPG discretizations. As mentioned
previously, p=1 DG discretizations are included herein due to the fact that they incur a larger number of
degrees of freedom on the same mesh compared to second-order accurate FV schemes, and require the use
of curved mesh elements to fully capture the full accuracy of the underlying formulation.

On a given computational mesh, the accuracy gains observed in raising the order of accuracy of a finite-
element (FEM) discretization (DG or SUPG) are much larger than those obtained for high-order finite-
difference discretizations. This is due to the fact that the number of degrees of freedom increases for the FEM
discretizations as the p-order is raised on the same mesh. By contrast, finite-difference discretizations employ
the same degrees of freedom but achieve higher-order accuracy through increased stencil size. In addition
to these accuracy advantages, the compact stencils at higher order, particularly for DG discretizations, are
seen as an advantage for obtaining exact linearizations for use in Newton-Krylov solvers, for the formulation
of adjoint methods in design optimization, as well as for facilitating adaptive mesh refinement and overset
mesh techniques which require stencil modifications at inter-grid boundaries.105,106

Evidence from the High-Order CFD Workshop (HiOCFD) series has shown that higher-order accurate
DG and SUPG discretizations achieve superior accuracy with lower numbers of degrees of freedom compared
to their lower order counterparts. These benefits are most apparent for simple problems with smooth
solutions. For example, Figures 13 and 14 illustrates the solutions for a DG discretization at various orders
of accuracy up to fourth-order (p=3) for the hemispherical cylinder flow problem defined in references,31,32

using suitably curved mesh elements. In this case, the most accurate solution overall is obtained at p=3 on
a grid of approximately 446,000 cells (74K prisms and 372K hexahedra) using fewer degrees of freedom (26.8
million at p=3) than most of the lower order solutions on finer meshes shown for comparison in Figure 14(a).
Furthermore, the steady-state solution at p=3 for this case was obtained using a Newton-Krylov method
with ILU(0) preconditioning, which was easily converged using p continuation with 25 nonlinear steps at the
final p=3 discretization, as shown in Figure 14(b).

(a) (b)

Figure 13. Illustration of hemispherical cylinder test case and solution at Mach=0.6, Incidence=5o,
Re=0.35million

For more complex industrial cases, high-order discretizations yield significant accuracy benefits but gen-
erally result in very stiff systems of equations which can be difficult and costly to converge to steady-state.
This is well illustrated by the more difficult test cases attempted in the latest HiOCFD5 workshop. Fig-
ure 15 depicts a sample mesh and p=2 SUPG solution computed for the CR1 test case in HiOCFD5. The
configuration consists of the CRM geometry from DPW5 with two flow conditions examined: Mach=0.3 and
Mach=0.85, with an flow incidence of 2.75o and Reynolds number of 5 million for both cases. Solutions were
provided by five contributors using either SUPG discretizations at p=1 (second) and p=2 (third) orders
of accuracy, or DG discretizations up to p=3 (fourth-order) accuracy. A sequence of progressively finer
fully tetrahedral meshes was generated for the workshop with quadratically (q=2) curved elements, which is
suitable for p=2 SUPG and p=1 DG discretizations (noting that p-order DG discretizations require q=p+1
curvature to achieve their full accuracy benefit). While one of the p=1 SUPG contributions was performed
on the workshop supplied meshes, the two other SUPG contributions were run on fully tetrahedral meshes
with resolutions ranging from 180,000 points to 1.8 million points, which are much coarser than the workshop
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(a) (b)

Figure 14. (a) Comparison of computed drag coefficient for various discretizations as a function of the number
of degrees of freedom and (b) convergence of DG discretization at orders p=1, p=2 and p=3 for hemispherical
cylinder test case.

supplied meshes. This is evident in the plots of drag convergence in Figure 16 for both cases, where the two
sets of p=1 SUPG results (i.e. legend HOMA and COFFE) lie to the right of the collective DPW workshop
results, indicating the use of much coarser grids. However, the p=2 SUPG results on these same meshes
are seen to lie well within the asymptotic drag values obtained on finer grids using finite-volume methods.
Furthermore, the variation of drag values with grid size at p=2 is much lower than at p=1, with even the
coarsest mesh giving relatively accurate drag values. Similar conclusions can be drawn for the DG results
(DG3D and SANS labels), although these would benefit further at p=2 and above from more accurate mesh
curving. Figure 17(a) depicts the convergence histories for the DG3D code for the Mach=0.3 case at p=1,
p=2 and p=3, while Figure 17(b) shows the convergence history at Mach=0.85 for the HOMA SUPG code
at p=1 and p=2. For both codes, a PTC-Newton-Krylov method was used, with ILU(0) preconditioner
for the DG3D code, and the dual-CFL line-preconditioner with 200 line sweeps per Krylov vector for the
HOMA code. In both cases, convergence to low residual levels was achieved for the higher p orders, with the
SUPG results being obtained with fewer nonlinear iterations overall. For the transonic case, convergence of
the DG3D code was problematic and required restarting from lower Mach number solutions to achieve full
convergence.

Moving on to more complex configurations, the DLR-F11 high-lift geometry, which was the subject of
the HLPW2 workshop, was chosen as a challenging case for high-order methods in HiOCFD4. Figure 18
illustrates a p=2 DG solution obtained on this configuration by the DLR-PAGE code67 and the associated
convergence history. In this case the mesh consists of approximately 3.5 million cells, with cubic (q=3) curved
elements near the wall. The resulting p=1 and p=2 solutions contain approximately 14 million and 35 million
degrees of freedom, respectively. The solution scheme consists of a PTC-Newton-Krylov method with ILU(0)
preconditioning, similar to that employed in the previous case by the DG3D code. The figure shows rapid
initial convergence at p=0 (first-order accuracy), followed by somewhat slower p=1 convergence, and final
convergence at p=2 to a residual level of 1.e-10 achieved in approximately 250 nonlinear cycles. These
results are significant as they represent one of the first demonstrations of higher-order DG discetizations on
a relatively difficult aerodynamic CFD problem of industrial interest.

In the HiOCFD5 workshop, a follow-up high-lift test case denoted (MC1 − 0) was proposed based on
the HL-CRM geometry taken from HLPW3. Various unstructured meshes were generated with quadratic
(p=2) element curving. Figure 19 illustrates a fully tetrahedral mesh of 5.5 million cells and 933,000 points
and the corresponding p=2 SUPG solution (which results in 7.4 million degrees of freedom) obtained on
this mesh using the HOMA code.72 A total of four participants submitted results, consisting of two SUPG
contributions and two DG contributions at orders p=1 and p=2. In terms of accuracy the results mirrored
those reported previously for the CR1 (based on the CRM configuration) test case, with the p=2 results
showing dramatically increased accuracy on the same grids compared to the p=1 solutions. Figures 20 and 21
focus on the solution procedure and convergence results for the HOMA SUPG code at p=1 and p=2 for
this case, which we believe to be representative of a competitive solution strategy. The convergence history
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(a) (b)

Figure 15. Illustration of tetrahedral mesh for CRM configuration and p=2 SUPG solution for CR1 test case
from HiOCFD5

(a) (b)

Figure 16. Illustration of computed drag coefficient as a function of grid resolution for (a) M=0.3 and (b)
M=0.85 CR1 test case from HiOCFD5

(a) (b)

Figure 17. Convergence history of DG3D code at p=1, p=2 and p=3 for Mach=0.3 test case on coarse mesh
and (b) Convergence of SUPG HOMA code at p=1 and p=2 for Mach=0.85 test case on coarse mesh.
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(a) (b)

Figure 18. (a)DG solution obtained on DLRF11 high-lift configuration using DLR PAGE code and (b) Conver-
gence history for p=0, p=1 and p=2 solutions in terms of nonlinear iterations using an ILU(0) preconditioned
GMRES solver. Reproduced from67

for the p=1 discretization on three meshes of increasing resolution is shown in Figure 20(a) where the total
number of nonlinear iterations to achieve machine zero convergence is seen to increase substantially with finer
mesh resolution. This highlights the need for improved solution strategies that are more optimal and capable
of delivering grid independent convergence rates. Subsequent work in reference72 has shown benefits using
a residual smoothing technique to reduce this grid dependence of the convergence history, although further
work is required to be able to consistently guarantee more optimal convergence rates. The convergence
history for the p=2 discretization is shown in Figure 20(b), illustrating the difficulties in converging this
discretization on complex cases. In this case, an ILU(k) with eight levels of fill (k=8) was required to obtain
a convergent algorithm. In an attempt to reduce the overall cost of the solution, the block ILU smoother
previously described was applied to this case. Using smaller block sizes of approximately 2,000 mesh points
with ILU(k) with two levels of fill (k=2), and 200 smoothing sweeps per Krylov vector, convergence in 80
nonlinear steps was achieved a shown in Figure 21(a). Overall, this approach resulted in a reduction of cpu
time to solution by approximately 60%, as shown in Figure 21(b).

(a) (b)

Figure 19. Illustration of tetrahedral mesh and p=2 SUPG solution for HL-CRM test case (MC1-0) from
HiOCFD5

These results serve to demonstrate the potential advanced solution techniques can have on making these
higher-order discretizations more competitive and thus enabling the superior accuracy properties inherent
in these formulations. However, it should be noted that, in all the results presented in this section, the
convergence to steady-state of these high-order accurate discretizations comes at a computational expense
that is significantly higher than what can be achieved with current lower-order production codes on finer
meshes. Partly for this reason, it appears that the focus in higher-order methods for industrial RANS
problems has become more centered on capitalizing on the accuracy gains obtained in going from p=1 to
p=2, particularly for SUPG discretizations. Indeed, in this lower p range, SUPG discretizations can be
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(a) (b)

Figure 20. (a) Convergence histories for p=1 SUPG HOMA code on meshes of increasing resolution and (b)
p=2 SUPG convergence history (restarted from p=1 solution) on coarsest mesh using ILU(8) preconditioner

(a) (b)

Figure 21. (a) Improved convergence history for p=2 SUPG solution using iterative ILU(2) on graph-based
blocks and (b) comparison of this solver with ILU(8) preconditioner in terms of wall-clock time

expected to be more efficient simply due to the lower number of degrees of freedom compared to equivalent
DG discretizations.44 Earlier goals of developing p=3 and higher-order accurate discretizations for RANS
problems are now seen as aspirational by many practitioners, as the difficulties in solving the discrete
RANS equations resulting from these higher-order discretizations has become more evident. Nevertheless,
even at p=2, SUPG and DG methods offer impressive accuracy gains on relatively coarse meshes which
could transform RANS CFD codes if these can be made competitive in terms of cpu time to solution for
a given accuracy level. Additionally, the availability of curved element meshes will be key to realizing the
full potential of these discretizations. Naturally, these efforts must be weighed against the cost of solving
traditional finite-volume methods on significantly finer meshes, which may entail their own difficulties given
the less than optimal scaling of current finite-volume RANS solvers as discussed in the previous section.

Finally, the success of higher p discretizations on simpler problems with smooth solutions, such as the
hemisphere flow results presented above in Figure 14, provide evidence that higher p discretizations are indeed
more effective at delivering high accuracy in regions away from singularities. Therefore, for optimal accuracy
and efficiency, combined adaptive h-p refinement will need to be considered. Although h-p refinement
methods have been demonstrated for simple problems, their use for complex industrial problems such as
high-lift RANS problems remains to be demonstrated.
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C. Unsteady RANS Methods

Discretization and solution techniques for unsteady RANS problems are not discussed in detail in this
paper. In general, the spatial discretizations used in steady-state problems translate directly to unsteady
problems, and second-order BDF2 temporal discretizations are most often used. However, higher order
temporal discretizations have been used increasingly, including optimized versions of BDF,107 diagonally
implicit Runge-Kutta schemes,108 and more recently fully-implicit Runge-Kutta schemes.109 Furthermore,
harmonic balance or time-spectral methods have gained wide acceptance as temporal discretizations for
problems which are periodic in time110,111 and extensions of these methods to quasi-periodic problems have
been proposed.112 Solution techniques for time-implicit unsteady RANS problems generally carry over from
the steady-state case. In fact the solution of an individual implicit time step in an unsteady RANS problem is
most often less demanding than the solution of the corresponding steady-state problem due to the reduction
in stiffness afforded by the temporal terms in the time-implicit Jacobian matrix, which increases the diagonal
dominance of the matrix as the time step is reduced. Although partial convergence of the residuals in time-
dependent problems has been a common practice due to computational cost, convergence to deeper levels at
each implicit time step is becoming more important for problems involving long time integration, since local
errors at each time step accumulate over time. Furthermore, convergence to low tolerances is required for
time-dependent adjoint problems in order to obtain accurate sensitivities and/or error estimates.113 These
growing requirements make the use of stronger solvers including Newton-Krylov methods more desirable for
unsteady RANS problems. Newton methods in particular are well suited for these purposes because one of
their main drawbacks, notably the slow nonlinear continuation phase, is often avoided in time-dependent
problems since a good initial solution is obtained from the state at the previous time step. Advances in
techniques for fully-implicit Runge-Kutta methods and time-spectral methods also enable the possibility of
using time parallelism to accelerate the overall wall-clock time to solution.104,114

IV. Scale-Resolving Methods

The requirements for the construction of effective scale-resolving methods for computational aerody-
namics can be considerably different compared to the requirements of steady-state and unsteady RANS
methods. Here scale-resolving methods refer principally to Large Eddy Simulation (LES) methods, either
in stand-alone mode or as a component of a hybrid RANS-LES method such as Detached Eddy Simula-
tion (DES)14 or overset mesh RANS-LES methods.106,115 For scale-resolving methods, the spatial scales
of interest (resolved turbulence eddies) are frequently of the same order as the temporal scales of inter-
est, and explicit schemes are often employed. In this case, the solution techniques become trivial (residual
evaluation) although particular considerations must be taken into account for the construction of suitable
discretizations. The spatial discretization must incur low levels of numerical dissipation in order to avoid
dissipating eddies prematurely at resolved scales. As always, high spatial accuracy remains an important
objective, but this may be achieved either by using second-order accurate discretizations on relatively fine
meshes or higher-order accurate discretizations on coarser meshes.

Lattice Boltzmann methods (LBM)116 fall into the first category. These methods are based on kinetic
theory and correspond to a discretization of the Boltzmann equation, which has been shown to converge to
the Navier-Stokes equations in the continuous limit. LBM methods are explicit methods in time, which are
second-order accurate in space and first-order accurate in time with particularly low dissipative properties
and a demonstrated advantage for modeling accurate convection of vorticity.117 LBM methods have shown
promise for predicting off-design conditions for aerodynamic problems such as CLmax

for high-lift configu-
rations in the recent HLPW workshops.21,22 Similarly, second-order accurate low dissipation finite-volume
schemes operating on structured or unstructured meshes have been used extensively as scale-resolving meth-
ods over the last decade.118,119 In both instances, the principal advances in these methods today revolve
around physical modeling, for example for near-wall regions120 and subgrid scale models,121 which remain
beyond the scope of this paper.

The use of higher-order accurate discretizations for scale-resolving methods dates back several decades
with the advent of spectral methods and their extension to spectral element methods, principally for in-
compressible flows.122 More recently, high-order DG methods have been used increasingly for scale resolved
compressible flow problems. Numerical experiments on canonical test problems such as the Taylor-Green
vortex (TV) problem123 have demonstrated the advantages of using very high-order accurate discretizations
for DNS and LES problems, although as the summary from the first HiOCFD workshop points out, presently
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this can only be said for spatial error using explicit time-stepping.124

Numerous high-order discretizations have been proposed for use as scale-resolving schemes, including
spectral difference, spectral volume,125 discontinuous Galerkin,126 residual distribution127 and flux recon-
struction methods.128 Many of these schemes are related and can be cast as special cases within a general flux
reconstruction framework,129 including generalized residual distribution schemes.130 In many cases, these
insights can be used to construct total kinetic energy or entropy preserving schemes with nonlinear stabil-
ity properties.131 A principal advantage of these discretizations is that they result in dense computational
kernels that are well suited for emerging HPC architectures including GPUs. This has led to the construc-
tion of highly optimized software libraries designed to enable efficient execution of high-order scale-resolving
applications on heterogeneous HPC architectures.132–134

On quadrilateral elements in two dimensions and hexahedral elements in three dimensions, a tensor-
product formulation may be used to drastically reduce the cost of assembling the residual for these high-order
discretizations135 (and extensions have been proposed for other element types136). In this approach, the com-
putational complexity of the basic operations, such as evaluating solution values at quadrature points within
a cell, is reduced from O((p+ 1)2d) to O((p+ 1)d+1) where p+1 is the order of accuracy of the discretization
and d represents the number of spatial dimensions (d=3 in 3D). As an example, Figure 22 depicts the com-
putational rates achieved as a function of p-order accuracy of a residual evaluation for a DG discretization
of the Navier-Stokes equations on Cartesian mesh hexahedral elements.137 The first implementation consists
of a standard FEM approach, which can be formulated as a matrix-matrix multiplication operation, which
in turn has been implemented using the BLAS Level 3 optimized numerical libraries. This implementation
is seen to achieve increasingly higher computational rates as the p-order is increased up to p=10. The
second implementation uses the aforementioned tensor-product formulation, which is seen to achieve lower
(although still respectable) computational rates, which also increase moderately with p-order. However, the
tensor-product formulation is seen to provide close to an order of magnitude decrease in wall-clock time
required per degree of freedom at high p orders due to the lower computational complexity of this approach.

(a) (b)

Figure 22. (a)Illustration of computational rates achieved for standard finite-element DG discretization versus
tensor-product formulation as a function of p-order of accuracy and (b) Corresponding time per degree of
freedom as a function of p-order of accuracy.

The high accuracy and lower cost (per degree of freedom) of tensor-product formulations makes them
ideal candidates for use as scale-resolving methods. However, the additional issues of numerical stability
and explicit time step restrictions must also be considered. The use of very high-order discretizations often
encounters problems of numerical stability due to aliasing errors, which arise from the inability to integrate
exactly the flux functions present in the Euler and Navier-Stokes equations on mesh elements and faces. Thus,
most approaches resort to over-integration and/or filtering techniques for preventing numerical instabilities,
with varying degrees of success. An alternate approach consists of developing high-order discretizations
with nonlinear stability properties such as total kinetic energy (TKE) preserving126,138 or entropy stable
schemes.131,139–141 These discretizations incur very low levels of numerical dissipation making them ideally
suited for use as scale-resolving methods. Indeed, DG discretizations using standard numerical flux functions
are known to be overly dissipative for the smallest resolved scales even at high order, which may account for
the common practice of performing implicit LES (ILES) simulations with DG, where no subgrid-scale model
is used in order to prevent excessive dissipation at the smallest resolved scales. By contrast, the use of TKE
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preserving or entropy stable discretizations at high order offers the possibility of more carefully controlling
the dissipation of the smallest resolved scales using a physically derived subgrid-scale model rather than
through excessive numerical dissipation.138

While many DG-based LES methods rely exclusively on explicit time-stepping procedures, there is a
growing interest in the use of time-implicit methods for such problems. Taking an implicit approach in
the temporal direction may be driven by excessively small explicit time step restrictions, which may arise
from low Mach number acoustic limits or viscous diffusion limits, restrictions due to very high p-spatial
order, widely varying grid spacing, possibly due to the use of adaptive mesh refinement (AMR) and higher
order temporal discretizations. Higher-order time discretizations used in conjunction with high-order spatial
discretizations have been proposed using diagonally and fully-implicit Runge-Kutta methods114 and space-
time discretizations using an analogous discontinuous Galerkin discretization in time.141 In these examples,
the requirement of solving simultaneously for multiple quadrature points in the time direction leads to an
additional degree of parallelism in time which may be exploited by the temporal solver.

One of the principal issues in formulating an efficient implicit solver for time-implicit high-order DG
methods is that the evaluation and approximate inversion of the local element Jacobian using a straight-
forward approach becomes impractical at high p-orders due to the size of the resulting dense block matrices.
A practical approach to circumvent this difficulty has been proposed in references,142,143 where a precondi-
tioned Newton-Krylov method is proposed using a tensor-product based preconditioner for space-time DG
discretizations at high order. As an alternate strategy, a p-multigrid approach may be invoked, using tensor-
product operations at various p-orders within a linear multigrid strategy. p-multigrid methods were used
successfully for Euler and RANS-based DG discretizations, but have fallen out of favor more recently due
to robustness issues for more difficult steady-state RANS problems. These methods may prove to be better
suited for scale-resolving simulations, given the closer alignment between temporal and spatial scales in such
cases.

Finally, there exist several examples of research or production codes that combine scale-resolving meth-
ods with adaptive mesh refinement (AMR) methods.106,115 Since scale-resolving methods are inherently
time-dependent, these necessarily involve dynamic AMR procedures for which various library packages are
available or under development.144–146 Figure 23 illustrates an overset mesh simulation using a high-order
DG discretization in the off-body region for the S76 rotor using an adaptive h-p refinement strategy in the
wake using the methodology described in references.106,137 In this case, the h-p refinement is driven simply
by a prescription which causes full refinement (to a predetermined h and/or p level) when Q-criterion ex-
ceeding a user set threshold level is detected. In general, the strategy produces high p-order cells in wake
regions away from the body, and smaller cells with lower p-order in regions where the off-body mesh overlaps
with the near body mesh, since resolution and p-order matching are prescribed in these regions. Figure 23(b)
illustrates the number of degrees of freedom contained in the cells according to their p-order over the first 1.5
revolutions of the rotor using a 0.5 degree time step. As the wake develops, the number p=3 cells grows while
the number of lower p-order cells remains close to constant, since these represent the near overlap regions
with the moving near-body mesh. Experience has shown that using higher-order p cells results in equivalent
or higher accuracy results at lower cost, compared to the use of lower p-order cells. For example, in this
case, after 7 rotor revolutions the p=1,2,3 simulation resulted in 210 million degrees of freedom and required
35.9 seconds per time step, while the analogous p=1,2 simulation resulted in 193 million degrees of freedom
and required 53 seconds per time step. Naturally, this is more of a qualitative rather than quantitative
assessment of accuracy and efficiency, but nevertheless demonstrates the potential of high-order methods in
complex time-dependent simulations. Ultimately, formal error estimators must be developed for both h and
p refinement, in both the spatial and temporal directions for scale resolved simulations in order to drive the
adaptive process in an optimal manner.

V. Conclusions and Future Work

Looking back over the last five to six years, it becomes evident that significant progress has been made
in CFD discretizations and solvers. The fact that advanced discretizations which extend to higher-order
accuracy can be used regularly to solve problems of industrial interest including transonic cruise and high-
lift RANS cases represents a significant development compared to a decade ago when most of these methods
were being exercised for simple two-dimensional problems. At the same time, a clearer picture of how
these methods can be used as scale-resolving techniques is also coming into focus. Much of this progress
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(a) (b)

Figure 23. (a)Illustration of rotor wake and adaptive mesh and (b) time history of second (p=1), third (p=2)
and fourth-order accurate (p=3) cells in off-body rotor wake mesh for first 1.5 revolutions of S76 rotor.

is due to community efforts which have been instrumental in establishing important baselines, including
reference solutions, and building resources to enable verification and validation of existing and emerging
CFD technologies. Nevertheless, many of the discretizations and solution techniques discussed in this paper
are still not sufficiently mature in terms of efficiency and robustness to displace existing production tools.
Rather, a gradual adoption of particular capabilities, possibly through inclusion into existing workflows can
be expected to occur over the next several years. Finally, in order to meet the milestones as set out in the
CFD2030 roadmap, and to successfully tackle the proposed Grand Challenge problems, a concerted effort
will be required not only from CFD algorithms, but from the other important contributing technologies
such as geometry, mesh generation and adaptivity, physical modeling and HPC. Promoting these types
of interactions and coordination between these diverse communities will be important for achieving the
envisioned capabilities and will be a central focus of the CFD2030 Integration Committee.
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