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A discrete adjoint approach for calculating sensitivity derivatives in viscous hypersonic
ows is examined. The approach is presented within the context of both perfect gas
and nonequilibrium real gas simulations and can be used to determine the sensitivity of
objectives to various model and design parameters. By using an adjoint based approach,
the sensitivity of an objective to a large number of input parameters can be calculated
in an e�cient and timely manner. In order to demonstrate the feasibility of the adjoint
approach, a two dimensional cell-centered �nite volume solver is presented and several
sensitivity derivatives are calculated using a perfect gas and a �ve species, two temperature
real gas model. Geometric sensitivities are presented for both models as well as sensitivity
to various model parameters.

I. Introduction

The simulation of hypersonic ows involves numerous constitutive relations, each of which has a number
of experimentally derived constants and parameters. The e�ect of these model parameters on engineering
quantities, such as surface heating, is of importance for design optimization and uncertainty quanti�cation. In
previous work, a Monte Carlo approach has been used to quantify uncertainty and determine the sensitivity
of simulation objectives to input parameters. This approach samples input parameters according to a
probability density function and uses thousands of ow solves to determine the e�ect of variations in input
parameters on ow objectives,1.2 To reduce the amount of time required to determine sensitivity derivatives
and to make feasible the determinant of uncertainties due to a wider range of model parameters, a discrete
adjoint approach is proposed. First, a ow solution using the perfect gas assumption is presented and
compared against those produced by existing solvers. In addition to perfect gas results, a real gas ow solution
is shown and the results are compared against the LAURA code.3 With the ow solver demonstrated, a
discrete adjoint for a perfect gas solution is presented. Using this adjoint, the sensitivity of integrated surface
heating to normal displacements of surface points is calculated, as well as the sensitivity of surface heating
to the perfect gas model parameter . In addition to the perfect gas sensitivities, geometric sensitivities
for a real gas solution are presented. Parameter sensitivity for the real gas model is also explored and
demonstrated for parameters relating to reaction rates, energy relaxation and transport. Finally, the use
of the ow adjoint to determine the sensitivity of an objective to �eld quantities throughout the domain is
demonstrated.

II. Flow Problem

II.A. Physical Models

For this work, the Navier Stokes equations are solved numerically via a cell centered �nite volume scheme
on unstructured meshes using triangular and/or quadrilateral elements. In vector form, the Navier Stokes
equations are given by:

@U
@t

+r � ~F (U) = r � ~Fv(U) + S(U) (1)
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The variable U contains the conserved variables. The vectors ~F and ~Fv represent the inviscid and viscous
uxes, respectively. The vector S contains any source terms for the equations. In general, these source terms
may be functions of the conserved variables. The exact terms in these equations depend on the physical
model adopted for the analysis problem.

For a perfect gas, the conserved variables and ux vectors are given by:

U =

8><>:
�

�~u

�et

9>=>; ~F =

8><>:
�~u

�~u
 ~u+ P

�~uht

9>=>; ~Fv =

8><>:
0
�

� � ~u� ~q

9>=>;
The shear stress tensor, � , is given by the relation for a Newtonian uid and the heat ux is represented by
Fourier’s law of conduction. Furthermore, the system is closed by invoking the thermal equation of state for
a perfect gas. These relations are summarized below.

� = �(r~u+ ~ur)� 2
3
�r � ~uI (2)

~q = �krT (3)

P = ( � 1)
�
�et � �

~u � ~u
2

�
(4)

For a perfect gas, the source vector is zero in the absence of body forces. The variable  in the above relation
is constant by de�nition for a perfect gas. The variables � and k are typically determined by empirical
relationships. For this work, Sutherland’s Law is used to model � as a function of temperature and thermal
conductivity is determined by assuming a constant Prandtl number. The perfect gas model has relatively
few parameters which de�ne its constitutive relations. These parameters are , Prandtl number, Reynolds
number and two within the de�nition of Sutherland’s law; giving a total of 5 parameters.

In order to more accurately simulate ows under hypersonic conditions, a �ve species, two temperature
nonequilibrium real gas model is considered. The species considered in this model are N2,O2,NO,N ,and O
and the two temperatures represent translation-rotation and vibrational-electronic energy respectively. For
this model, the conserved variables and ux vectors are given by:4

U =

8>>><>>>:
�s

�~u

�et

�ev

9>>>=>>>; ~F =

8>>><>>>:
�s~u

�~u
 ~u+ P

�~uht

�~uhv

9>>>=>>>; ~Fv =

8>>><>>>:
��s ~Vs
�

� � ~u� ~q � ~qv �
P
s ht;s�s

~Vs
�
P
s hv;s�s

~Vs � ~qv

9>>>=>>>;
In two dimensions, this model contains nine conserved variables. The �rst variable �s is a local vector
denoting the �ve species densities. The other variables are the bulk momentum, �~u, the total energy �et,
and the vibrational-electronic energy, �ev. In the absence of body forces and internal heat generation, the
source vector for this model can be represented by:

S =

8>>><>>>:
!s

0
0P

s !sD̂v;s +QT�V

9>>>=>>>; (5)

In this vector, !s is the mass source for each of the species conservation equations and is determined
based on the chemical reactions present in the ow. In addition to these reaction terms, the vibrational
energy contains source terms relating to translational-vibrational energy coupling and energy changes due
to chemical reactions.4

Like the perfect gas model, this model uses the assumption of a Newtonian uid to construct the shear
stress tensor and Fourier’s law for the heat ux terms. The species di�usion velocities, ~Vs, are determined
using Fick’s law.

�s ~Vs = ��Dsrcs (6)

2 of 24

American Institute of Aeronautics and Astronautics



where cs is the species mass fraction and Ds is the species di�usion coe�cient. The model uses the ideal
gas equation of state to calculate partial pressures due to each species and computes a total pressure via
Dalton’s Law.5 Combining these two steps gives a state equation of the form:

P =
X
s

�s
�R
Ms

T (7)

where �R is the universal gas constant and Ms is the species molecular weight. The chemical kinetics model
used for this work is the Dunn-Kang two temperature model taken from reference.6 The model includes
dissociation reactions for the three diatomic species present in the model as well as two exchange reactions
related to NO. When all dissociation partners are counted, there are a total of 17 distinct reactions. The
Dunn-Kang model gives Arrhenius coe�cients for the forward and backward reaction rates directly.6 The
translational-vibrational energy coupling term takes the form of a relaxation between the two respective
temperatures with an empirically determined relaxation time, �s.4

QT�V =
X
s=ND

�sCv;s(T � Tv)
< �s >

(8)

The transport properties required for this model are based upon curve �ts for species viscosity developed
by Blottner et al7 and use a mixing rule due to Wilke8 to determine bulk quantities.5 Additionally, species
di�usion coe�cients are determined using the bulk transport quantities and the assumption of a constant
Schmidt number across all species.5 Finally, the speci�c heats are calculated via polynomial curve �ts taken
from reference.4 These curve �ts are a series of 4th order polynomials that cover various temperature ranges
and represent the total speci�c heat for each species. The total enthalpy can be determined by simply
integrating these curve �ts and incorporating the proper heat of formation information.4

Embedded in the constitutive relations of this model are a number of experimentally measured parameters
and correlations. Including the parameters required to de�ne quantities like reaction rates, species speci�c
heats, species viscosity and relaxation times, there are over 250 model parameters. One of the goals of this
work is to quantify the e�ect these parameters have upon an objective of interest in an e�cient and timely
manner.

Before detailing the solution process used for this work, it is convenient to de�ne a set of primitive
variables for each model, denoted by V. These primitive variables are used throughout the discretization
process and the constitutive relations. For the perfect gas model, these primitive variables are density,
velocity and temperature. For the real gas model, in addition to the primitive variables from the perfect gas
model, species mass fractions and vibrational temperature are included as primitive variables.

II.B. Spatial Discretization

In order to solve problems using the above two models, a two dimensional cell-centered �nite volume code
was written. The governing equations described above are �rst discretized in space and the solution is
advanced in time to steady state using a fully implicit approach. In semi-discrete form, the equations have
the following form.

@U
@t

+ R(U) = 0 (9)

The residual within each cell is given by the sum of the normal inviscid and viscous ux over all faces plus
a cell centered contribution due to source terms. The residual equation for cell i is given in equation (10)
along with the functional dependence of each ux function.

Ri(U) =
X
k

h
F kn (V+;V�; ~N)� F kv;n(VL;VR;rVL;rVR; ~N; ~T )

i
+ Si(Vi) (10)

In this equation, VL and VR represent cell centered primitive values for the cell to the left and the right of
the face respectively. The variables V+ and V� represent reconstructed primitive variables to the left and
right of the face. The variables Si represent the source terms computed using the cell centered primitive
variables of cell i. Finally, ~N is the dimensional face normal and ~T represents the vector connecting the two
cell centers on either side of the face. These terms are futher clari�ed in Figure 1.
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Figure 1. Variable de�nitions at mesh face

It should be noted that the ux functions and source term are de�ned exclusively in terms of the primitive
variables, V, instead of the conserved variables, U. In addition to the cell centered primitive variables, the
viscous ux is also a function of the cell centered gradients of the primitive variables. The choice of primitive
variables as the inputs for these functions is due to two factors. First, the constitutive relations in the viscous
ux are typically de�ned in terms of gradients of primitive variables. Additionally, by reconstructing and
limiting primitive variables when calculating the inviscid ux, increased robustness of the solver is achieved
and the need to calculate two sets of gradients is eliminated. The cell centered gradients are calculated
using Green-Gauss contour integration. For the inviscid ux, Fn, the AUSM+UP ux function is used.9

This ux function is chosen based on its applicability to a wide range of Mach numbers and the ease with
which it can be extended to additional equations. For the real gas model, a frozen speed of sound is used
within the inviscid ux function.10 In order to achieve second order accuracy, the ux function is evaluated
using the reconstructed primitive variables on each side of the face, denoted previously as V+ and V�. In
order to maintain stability, a limiter is used in this reconstruction process. The limiter used within this
code is a combination of a pressure switch and smooth Van Albada limiter, inspired by the experiences in
references5,11 and.10 The pressure switch in each cell is de�ned by:12

�i =
j
P
k PR � PLjP
k PR + PL

(11)

The limiter value at each face is de�ned by the continuous function � which assigns a limiter value given
inputs dependent on the reconstructed value and neighboring cell centered values.13

�(�+;��) =
1

��
(�+2

+ "2)�� + 2��
2
�+

�+2 + 2�� + ���+ + "2
(12)

where �� and �+ are de�ned as:

�� = Vk �Vi (13)

�+ =

8<:Vmax �Vi if Vk �Vi > 0

Vmin �Vi if Vk �Vi < 0
(14)

and Vk is the unlimited reconstructed face value, Vi is the cell centered value and Vmin and Vmax represent
the minimum and maximum values surrounding cell i. The parameter " reduces the limiter sensitivity to small
changes in the ow, e�ectively forcing the limiter to unity in smooth regions. This reduced sensitivity allows
the limiter to achieve convergence to machine zero provided the parameter is high enough.13 Unfortunately,
this improved convergence tends to come at the price of robustness. Hence, the pressure switch is included
in the limiter to ensure the solution is �rst order in the presence of strong shocks. Outside of this small
region, the limiter is allowed to adjust the reconstruction. In functional form, the �nal limiter at each face
takes the form:

	k = max(0; 1�Kmax(�L; �R)) ~	k (15)
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where ~	k is the result of applying the function � at each face with the proper inputs and K is a prescribed
constant used to set the minimum value of the pressure switch required to force the limiter to zero. The cell
centered limiter value is taken to be the minimum of the limiters calculated at each face of the cell. With
the limiter calculated, the reconstructed value at each face is given by:

V+ = VL + 	LrVL �� ~XL (16)

V� = VR + 	RrVR �� ~XR (17)

where � ~XL and � ~XR are connecting the face center with the left and right cell centers respectively. The
calculation of the viscous ux is relatively straight forward. Each term in the viscous ux from equation
(10) is calculated using face centered quantities. In the case of any primitive variables, a simple average of
the left and right states is used and transport quantities are calculated using this averaged state. Face-based
gradients are calculated through the following equation which ensures a coupling between neighboring cells
and a straight forward approximate linearization:14

rVk = ~rV +
VR �VL � ~rV ��T

j�T j
�T
j�T j

(18)

In this equation, ~rV is a simple average of the left and right cell centered gradients and the vector �T is
de�ned as before.

II.C. Solution Procedure

The result of the spatial discretization described above is a system of coupled ordinary di�erential equations.
These ODE’s are solved to steady-state using the BDF1 temporal discretization given by:

@U
@t
� Un �Un�1

�t
(19)

The result of this temporal discretization is a system of nonlinear equations which must be solved at each
time step. These nonlinear equations are represented by the unsteady residual J.

J(Un;Un�1) =
Un �Un�1

�t
+ R(Un) = 0 (20)

To solve this nonlinear equation, an approximate Netwon’s method is employed. In general, a Newton’s
method for this problem would take the following form:

�Uk = �

"
@J(Uk;Un�1)

@Uk

#�1

J(Uk;Un�1) (21)

Uk+1 = Uk + �Uk (22)

Within this general form, several approximations are introduced to increase the robustness of the solver and
improve its applicability to steady problems. First, instead of fully converging the nonlinear problem, only
a set number of Newton iterations is performed per time step (typically 10). In order to speed convergence
of steady problems, local time stepping can be used within this formulation although robustness can be
negatively a�ected. Typically, global time stepping is used to partially converge the problem and local time
stepping is used to achieve full convergence. Second, to decrease the time required per Newton iteration, the
exact Jacobian matrix is replaced by a preconditioning matrix that is calculated once at the beginning of the
time step and frozen for the duration of the time step. Typically, this preconditioning matrix is based upon
a robust and easy to calculate Jacobian. Finally, transport quantities such as viscosity, thermal conductivity
and species di�usion coe�cients are frozen within the Newton iterations to further decrease computational
cost. Incorporating these simpli�cations, the subiterations within each timestep take the following form.

�Uk = �[ ~P ]�1J(Uk;Un�1) (23)

Uk+1 = Uk + ��Uk (24)
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In these equations, [ ~P ] is the frozen preconditioning matrix and the variable � is used to ensure that up-
dates remain within a speci�ed percentage of the previous solution value.15 The form of the preconditioning
matrix depends on the problem being solved and the amount of nonlinearity present in the problem. For
numerically sti� problems, or for starting a problem, the preconditioner matrix is taken as the diagonal of the
1st order Van-Leer-H�anel Jacobian and is inverted in the block-wise sense.16 For less sti� or partially con-
verged problems, a colored Gauss-Seidel or line-implicit solver is used to advance the Newton iteration within
each time step in a quasi-nonlinear fashion. For these cases, the full 1st order Van-Leer-H�anel Jacobian,
including o�-diagonal elements, is required.

III. Sensitivity Procedure

To determine the sensitivity of an objective to the input parameters, the code is di�erentiated and the
�nal sensitivity is constructed using the chain rule. To illustrate this process, the following objective and
functional dependence are considered.

L = L(D;U(D)) (25)
(26)

In addition to this objective, a constraint is needed. For the steady problems considered in this work, the
constraint is that the spatial residual must equal zero.

R(D;U(D)) = 0 (27)

Both the constraint and the residual have an explicit dependence on the input parameter, or design variable
D, and an implicit dependence through the ow variables U. In order to determine the sensitivity derivative,
the objective can be di�erentiated using the chain rule as:17

dL

dD
=
@L

@D
+
@L

@U
@U
@D

(28)

The constraint may be di�erentiated in a similar manner. In this case, the derivative is equal to zero as the
constraint must be satis�ed for all admissible values of D and U:

@R
@D

+
@R
@U

@U
@D

= 0 (29)

Solving for @U
@D in the above equation and substituting into the objective derivative gives the forward sensi-

tivity equation.

dL

dD
=
@L

@D
� @L

@U
@R
@U

�1 @R
@D

(30)

The adjoint sensitivity equation is found by taking the transpose of the forward equation.

dL

dD

T

=
@L

@D

T

� @R
@D

T @R
@U

�T @L

@U

T

(31)

where the last two terms can be replaced by the adjoint variable �, de�ned as:

@R
@U

T

� = � @L
@U

T

(32)

Determining the solution of the ow adjoint equation is the most expensive step of the sensitivity process
and roughly follows the procedure used to solve the analysis problem. A simpli�ed preconditioner matrix
is used to advance the adjoint solution in a defect-correction scheme.17 A defect correction scheme for the
adjoint solve can be represented as:

[P ]T ��k = � @L
@U

T

� @R
@U

T

�k (33)

�k+1 = �k + ��k (34)
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where [P ] is the same preconditioner used for the ow problem and the defect-correction scheme is advanced
in a similar manner to the ow problem, using an element Jacobi, colored Gauss-Seidel or line implicit
method. Unfortunately, due to the nonlinear nature of hypersonic ows, this defect correction scheme can
su�er from the same start up problems which a�ect the ow problem. To overcome this problem, a pseudo-
time component is added to the preconditioner matrix. When the problem is posed in this defect-correction
form, only the e�ect of the adjoint on the exact transposed Jacobian is required. This type of formulation
is ideally suited for use with automatic di�erentiation, which forms derivatives as a matrix-vector product
instead of computing individual elements of the Jacobian directly. By using automatic di�erentiation, a
general defect correction scheme can be implemented and individual automatically di�erentiated subroutines
can be used to build up the e�ect of the full transposed Jacobian piece by piece. This approach adds a degree
of modularity and maintainability to the adjoint sensitivity process. The automatic di�erentiation used in
this work is provided by the Tapenade Automatic Di�erentiation Engine.18 The majority of the terms needed
to calculate the sensitivity were generated via automatically di�erentiated subroutines and constructed as a
chain of matrix-vector products. In this way, few matrices need to be stored. The only matrix computed and
stored is the preconditioner matrix [P ], which is needed for both the ow problem and the adjoint problem.

Finally, with the ow adjoint computed and the appropriate partial derivatives determined, the �nal
sensitivity can be calculated with the equation:

dL

dD
=
@L

@D
+
@R
@D

T

� (35)

The adjoint sensitivity procedure has the advantage of including the design variable as the last step in
the process. As such, a single adjoint solution can be used to compute the sensitivity of a single objective
to any number of design variables. At this point, the de�nition of a design variable should be viewed
in an encompassing manner, including any input variable required to de�ne the numerical problem. For
shape optimization, the design variable may take the form of point displacements or variables used for the
parametric de�nition of the geometry. For simulation optimization, the design variable may be a simulation
parameter such as a limiter constant or pressure-switch threshold. For uncertainty quanti�cation, the design
variable may be a model parameter, curve �t quantity or any other quantity with a related uncertainty.
Fortunately, the same adjoint can be used for all of these di�erent design variables provided the same
quantities are held constant within the adjoint solve.

In order to demonstrate the sensitivity process, the sensitivity for various di�erent classes of design
variables will be explained. In the case of geometric sensitivity, the dependence of the objective and residual
on mesh geometry must be considered. Consider the following functional dependence:

L = L(U(X(D));X(D)) (36)
R = R(U(X(D));X(D)) (37)

where X represents the coordinates of the nodes in the computational mesh.
The forward sensitivity equation for this type of functional dependence can be written as:19

dL

dD
=
@L

@X
@X
@D
� @L

@U

�
@R
@U

��1
@R
@X

@X
@D

(38)

The adjoint sensitivity equation is found by taking the transpose of the above equation and using the
de�nition of the ow adjoint from equation 32.

dL

dD
=
@X
@D

T
 
@L

@X

T

� @R
@X

T

�

!
(39)

The vector @X
@D represents the relationship between the design variable and the mesh coordinates. The

complexity of this term varies depending on the design variable being considered as well as the geometric
relationship, if any, between nodes in the mesh. If the design variable is taken to be a point in the mesh,
then this term reduces to what is essentially a Kronecker delta function. If a mesh deformation strategy is
employed, such as a spring analogy, this term will require the solution of the linearized deformation equations
to determine the dependence of the mesh coordinates on the design variable.17
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Next, consider the problem of determining the sensitivity to a set of model parameters. Let � represent
a set of model parameters in the code. Model parameters typically enter the solution process through the
constitutive relations used to specify the physical quantities needed to solve the ow, such as viscosity,
speci�c heat, thermal conductivity, etc. Let the intermediate quantities associated with the parameters �
be denoted by the vector � where �i represents the intermediate quantity at the appropriate location in
the computational mesh, such as at cell centers for source terms and at face centers for ux terms. This
intermediate quantity is typically a function of local ow conditions as well as the model parameters. For
example, Sutherland’s law can be written as:

�

�ref
=
C1T

3=2

T + S
(40)

where C1, S and �ref would be considered elements within the vector � and the intermediate variable would
be the viscosity. Since the viscosity is required to compute the viscous ux, the intermediate variable vector
would consist of the face-centered viscosities throughout the mesh.

To determine the sensitivity of an objective to any of the variables in the parameter vector, the following
functional dependence should be considered:

L = L(U(�);�(�;U(�))) (41)
R = R(U(�);�(�;U(�))) (42)

The forward sensitivity associated with this functional dependence is given by:

dL

d�
=
@L

@�

@�

@�
+
�
@L

@U
+
@L

@�

@�

@U

�
@U
@�

(43)

where @U
@� is determined by solving the equation:�

@R
@U

+
@R
@�

@�

@U

�
@U
@�

= �@R
@�

@�

@�
(44)

The corresponding adjoint equation for this functional dependence is:�
@R
@U

+
@R
@�

@�

@U

�T
� = �

 
@L

@U

T

+
@�

@U

T @L

@�

T
!

(45)

Using this adjoint, the �nal parameter sensitivity is given by:

@L

@�

T

=
@�

@�

T
 
@L

@�

T

+
@R
@�

T

�

!
(46)

Instead of calculating the sensitivity to �, the sensitivity with respect to the intermediate quantity �
could also be calculated. This results in merely a specialized case of the general parameter sensitivity where
@�
@� = 1 and @�

@U = 0. The adjoint sensitivity equation for a particular �i can be given by:

@L

@�i
= �i

 
@L

@�

T

+
@R

@�

T

�

!
(47)

where �i is a vector with an entry of unity for the ith component and zero elsewhere. The adjoint equation
for this case is given by: "

@R
@U

�
�

#T
� = � @L

@U

T

(48)

It should be noted that this ow adjoint is solved with the intermediate value frozen. As such, it is
a di�erent adjoint then the one used to determine sensitivities with respect to �. Although a specialized
adjoint is needed, this approach gives the sensitivity with respect to all of the intermediate variables in the
computational mesh with a single adjoint solve. If the intermediate quantities are stored at the cell centers,
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the number of sensitivities needed is proportional to the number of cells in the mesh. Calculating sensitivities
with respect to intermediate values may prove useful for determining regions of the ow �eld and/or �eld
value ranges that have the largest e�ect on the objective of interest. This, in turn, may enable adaptive
modeling techniques or enhanced uncertainty quanti�cation strategies. For example, the uncertainty in
surface heating due to the quantities � could be calculated as:1

�L2 =
X
i

@L

@�i

2

��2
i (Ui) (49)

By calculating uncertainty in this manner, the uncertainty associated with a particular �i can vary based on
local ow variables such as temperature. In addition to uncertainty applications, the sensitivity with respect
to an intermediate value may be used to drive a model adaptation process. In areas with low sensitivity, it
may be possible to locally reduce the �delity of the model to reduce computational expense, such as dropping
higher order terms in a curve �t. In areas of high sensitivity, an improved version of the model may need to
be implemented in order to improve the accuracy of the objective.

IV. Demonstration Results

IV.A. Perfect Gas Benchmark Results

In order to verify the code written for this work, the benchmark case given by reference20 is considered. This
benchmark uses a 5 km/s cylinder with a Reynolds number of 753,860 and a �xed wall temperature. The
ow conditions used for this benchmark can be found in Table 1.

Table 1. Benchmark ow conditions

V1 = 5 km/s
�1 = 0.001 kg=m3

T1 = 200 K
Twall = 500 K
M1 = 17.605
Re1 = 753,860
Pr1 = 0.72

Results obtained with the current code are compared with the results produced by the well validated
codes LAURA3 and FUN2D.20 Figure 2 shows a contour plot of the temperature throughout the domain.
In addition to a contour plot, several stations along the cylinder are compared with the results of LAURA.
Figure 3 shows the temperature along the stagnation streamline and within the boundary layer along the
stagnation streamline. The shock stando� distance matches the distance predicted by LAURA. Additionally,
the thermal boundary layer has the proper size and shape. In addition to comparing interior ow features,
pressure coe�cients and surface heating coe�cients are compared in Figures 4 and 5. The code produces
surface distributions in agreement with those produced by LAURA and FUN2D.

IV.B. Real Gas Results

To demonstrate the implementation of the real gas model presented previously, the same 5 km/s cylinder was
considered. In addition to the �xed wall temperature encountered in the perfect gas benchmark, a supercat-
alytic wall was assumed for this problem. To ensure that the solver performed as anticipated, the results were
compared to those produced by LAURA.20 Figure 6 shows the translation-rotation temperature contour for
this case. As expected, the shock stando� distance is lower and the temperature after the shock is reduced
relative to the perfect gas results. In addition to contour plots, quantities along the stagnation streamline
were examined. Figure 7 shows both translational and vibrational temperature along the stagnation stream-
line. Plotted along with these results are those produced by LAURA. The code produces temperature pro�les
in rough agreement with the LAURA results. Relative to the LAURA results, the code under predicts the
temperature boundary layer thickness and over predicts the overshoots in both temperatures encountered at
the shock. In addition to temperatures, the mass fractions along the stagnation streamline can be found in
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Figure 2. Temperature contour for 5 km/s perfect gas case

Figure 3. Temperature pro�le for 5 km/s perfect gas case (a) along stagnation streamline (b) within boundary layer

Figure 4. Surface pressure distribution for 5 km/s perfect gas case
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Figure 5. Surface heating distribution for 5 km/s perfect gas case

Figure 8. At the temperatures encountered in this case, oxygen is almost completely dissociated and nitrogen
is beginning to dissociate. Although not shown, this behavior mimics the results produced by LAURA with
some minor discrepancies present in the mass boundary layer. Finally, surface distributions were compared
with the LAURA results. Figure 9 shows the surface pressure distribution while Figures 10 and 11 show
the surface heating and skin friction respectively. As the plots show, the surface pressure and skin friction
match the LAURA results relatively well but the surface heating is signi�cantly under predicted.

Figure 6. Temperature contour for 5 km/s real gas case

IV.C. Sensitivity for Perfect Gas Model

In order to test the sensitivity analysis capability of the code, the sensitivity of integrated surface heating
to input variables is calculated for the benchmark problem described above. This objective is de�ned as:

L = �
Z
@


krT � ~ndA (50)

where @
 represents the solid surface, k is the thermal conductivity, T is the temperature and ~n is the
outward facing unit normal of the surface.
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Figure 7. Temperature for 5 km/s real gas case a) along stagnation streamline b) along stagnation streamline on log
scale

Figure 8. Mass fraction along stagnation streamline for 5 km/s real gas case

Figure 9. Surface pressure distribution for 5 km/s real gas case
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Figure 10. Skin friction distribution for 5 km/s real gas case

Figure 11. Surface heating distribution for 5 km/s real gas case
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IV.C.1. Geometric Sensitivity

First, the sensitivity to surface point displacements was calculated. For this analysis, the design variable is
taken to be the displacement of surface points normal to the cylinder’s surface. The �rst step in calculating
these sensitivities is to calculate the ow adjoint using integrated surface heating as the objective. The most
interesting adjoint solution corresponds to density and is plotted in Figure 12.

Figure 12. Density adjoint for integrated surface heating

As the adjoint solution shows, the cells close to the cylinder surface have the greatest importance for inte-
grated surface heating calculations. In addition to the surface cells, the cells along the stagnation streamline
are also of importance.

Using this adjoint, the sensitivity of the objective to normal displacements of the surface points is calcu-
lated. This sensitivity is plotted as a function of the angle along the cylinder in Figure 13. In order to verify
the adjoint, �nite di�erence is also used to calculate the same sensitivities and are plotted for comparison
in Figure 13. In general, the adjoint produces sensitivities in agreement with �nite di�erence. For some
points, the disagreement between the two sensitivities becomes signi�cant approaching 20% error. Although
this may indicate an error in the adjoint sensitivity calculation, it could also be a symptom of the highly
nonlinear nature of the problem. Through experimenting with the perturbation used in the �nite di�erence,
it was found that the value of the sensitivity varies widely as the perturbation is varied over a narrow band.
For some points on the surface, the perturbation chosen may not be small enough to accurately calculate
the sensitivity derivative. Unfortunately, as the perturbation decreases, machine error begins to pollute the
sensitivity value. To more rigorously verify the sensitivity derivatives produced by the adjoint, complex
di�erentiation will likely need to be employed.21

IV.C.2. Parameter Sensitivity

In addition to computing the sensitivity of surface heating to surface point placement, the sensitivity of
surface heating to a physical parameter in the model was calculated. For the perfect gas model, the most
interesting physical parameter is the ratio of the speci�c heats, . Because the same objective is being
examined and the same variables are held �xed, the adjoint used for surface point sensitivities can be used
to determine the sensitivity with respect to . As in the previous case, �nite di�erence was again used
to verify the sensitivity derivative produced by the adjoint. Two speci�c cases were considered for this
sensitivity. First, the sensitivity was determined assuming a �xed freestream velocity. Second, a �xed
freestream Mach number was assumed. The results of these two calculations are found in Table 2.

As the table shows, the adjoint sensitivity shows good agreement with the sensitivity found through �nite
di�erence. For both the �xed freestream velocity and Mach number, the integrated surface heating tends
to decrease as  increases. For the �xed freestream velocity, an increase in  causes the freestream Mach
number to decrease. This decrease in Mach number lowers the temperature after the shock and in turn
lowers the integrated surface heating. For the �xed freestream Mach number, an increase in  should tend
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Figure 13. Sensitivity of surface heating to surface point displacements normal to surface for perfect gas model

Table 2. Sensitivity of surface heating to 

Fixed Velocity Fixed Mach Number
Objective Value 1:628� 10�2 1:628� 10�2

Finite Di�erence �3:111� 10�2 �1:198� 10�2

Adjoint �3:109� 10�2 �1:206� 10�2

Relative Error 7:279� 10�4 7:186� 10�4
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to increase the temperature after the shock. However, an increase in  also causes the Prandtl number to
increase which most likely increases the thickness of the boundary layer. From these results, it is clear that
this viscous e�ect appears to more than o�-set the increase in post-shock temperature expected from an
increase in .

IV.D. Sensitivity for Real Gas model

To demonstrate the sensitivity capability of the solver for more complex problems, the sensitivity of surface
heating to various parameters for the real gas model were computed. For the real gas model, the objective
is de�ned as:

L = �
Z
@


krT � ~n+ kvrTv � ~ndA (51)

where T and Tv represent translational-rotational and vibrational-electronic temperature respectively, k and
kv are the thermal conductivities for the two temperatures, and @
 and ~n are de�ned as before.

IV.D.1. Geometric Sensitivity

The �rst sensitivity examined was the sensitivity of surface heating to geometric parameters. The design
variable in this case was chosen as normal displacements of surface nodes in the mesh. The sensitivity as a
function of angle along the cylinder is plotted in Figure 14, where it is compared to the corresponding �nite
di�erence values, showing good overall agreement.

Figure 14. Sensitivity of surface heating to normal displacements for real gas case

IV.D.2. Parameter Sensitivity

In addition to geometric sensitivity, the sensitivity of surface heating to various model parameters was exam-
ined. As alluded to previously, the real gas model contains a number of empirically determined constitutive
relations. Within these relations are a number of constants and curve �t parameters that help de�ne the
relationship. For the model implemented in this work, approximately 250 parameters are required. The
sensitivity to several of these parameters is presented below.

16 of 24

American Institute of Aeronautics and Astronautics



The �rst set of parameters examined relates to the de�nition of reaction rate within the Dunn and
Kang chemical kinetics model. For this model, the forward and backward reaction rates are de�ned via an
Arrhenius equation:

Kf = CfT
�f
a e�

Ea;f
kTa (52)

Kb = CbT
�b
a e�

Ea;b
kTa (53)

where Ea;f and Ea;b represent the activation energy for the forward and backward reactions respectively, k
is Boltzmann’s constant and Ta is a characteristic temperature. The parameters examined were Cf and Cb
for each reaction. For this model, there are 17 unique reactions, giving a total of 34 parameters. The bar
graph below contains the sensitivities for each of these parameters. Due to the large discrepancy between the
design variable and the objective, the sensitivity is expressed as fractional change in objective per fractional
change in design variable (i.e.

dL
L

dD
D

).

Figure 15. Sensitivity of surface heating to reaction parameters

As the graph demonstrates, the reactions governing the creation and breakdown of Nitrous-oxide seem
to be the most important reactions in terms of sensitivities for determining surface heating. Additionally,
the parameters governing the dissociation and recombination of diatomic oxygen are also of signi�cance.
These sensitivity numbers only quantify the importance of these parameters and say nothing regarding the
overall uncertainty with respect to surface heating arising from these reactions. The uncertainty arising from
these parameters would depend both on the sensitivity derivative and the uncertainty associated with the
parameter itself. In the case of reaction rates, the associated uncertainty can be ±1 order of magnitude, which
may componsate for the relatively low sensitivity and give a signi�cant overall contribution to uncertainty.22

In addition to reaction parameters, the sensitivities to parameters within the energy coupling term were
calculated. Within the energy coupling term, an empirically de�ned interspecies relaxation time is required.
This interspecies relaxation time is determined by the following equation:4

�MW
s =

nsX
j=1

nje
As(T�1=3�0:015�

1=4
s;j )�18:42

nsX
j=1

nj

(54)
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where nj is the species number density and �s;j is the reduced mass. The parameter As is de�ned for each
diatomic species, giving 3 parameters for this model. The sensitivity of surface heating to these 3 parameters
can be found in the table below.

Table 3. Sensitivity of surface heating to energy coupling parameter

Value Sensitivity (
dL
L

dD
D

)

O2 129 �3:31� 10�5

NO 168 �4:32� 10�5

N2 220 �3:55� 10�3

As the table shows, the most important of these parameters is associated with diatomic nitrogen. Intu-
itively, this result makes sense as it is the most prevalent diatom present after the shock and it is directly after
the shock that the problem exhibits the highest level of thermal nonequilibrium. Relative to the reaction
parameters, those associated with energy coupling rank somewhere in the middle in terms of importance.

Finally, the sensitivity to parameters associated with transport quantities was examined. The calculation
of transport terms rely on curve �ts for species viscosity of the form:5

�s = 0:1e(Asln(T )+Bs)ln(T )+Cs (55)

Associated with each species are the parameters As,Bs, and Cs, giving a total of 15 parameters for this
model. The sensitivity for each of these parameters can be found in the graph below.

Figure 16. Sensitivity of surface heating to transport parameters

As the graph demonstrates, the sensitivity associated with these transport parameters is signi�cantly
higher than any other parameter analyzed in this paper. Of particular interest is the variable C associated
with diatomic nitrogen and monoatomic oxygen. These two parameters are by far the most important to
surface heating for this problem. Monte Carlo based approaches have also found transport quantities to have
the highest contribution to surface heating for ow conditions similar to those examined here,2.22

IV.D.3. Flow Field Variable Sensitivity

Finally, as a proof of concept, the uncertainty of integrated surface heating to the viscosity throughout the
domain was determined. For the discretization outlined in this work, viscosity is needed at each face in
the domain. In order to facilitate the sensitivity process, the viscosity was precomputed and stored at the
faces. Hence in the terminology presented previously, the vector � holds the face-centered viscosities for the
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entire grid. As explained previously, this sensitivity requires an adjoint solution found by holding viscosity
constant. Using this exact adjoint, the sensitivity to face-centered viscosities was computed and is plotted
in Figure 17. In order to plot the sensitivity, the face-centered quantities sensitivities were averaged over
each cell.

Figure 17. Sensitivity of surface heating to viscosity throughout domain

As the plot shows, the sensitivity to viscosity is essentially zero except in the vicinity of the boundary
layer and the shock. Near the surface of the cylinder, the sensitivity becomes non-zero and increases in
magnitude as the angle along the cylinder is increased. Intuitively, this results makes sense as the sensitivity
to viscosity should increase as the velocity boundary becomes fully developed. In addition to the contour plot,
the viscosity sensitivities along the stagnation streamline and the 45 degree station are plotted in Figures 18
and 19. As the Figures indicate, the overall magnitude of the sensitivity is larger for the 45 degree station
than along the stagnation streamline. Additionally, the sensitivity changes signs within the boundary layer.
Because the mass species di�usion is determined by assuming a constant Schmidt number, this change in
sign most likely relates to the overlap between the momentum and mass boundary layers. In order to validate
these results, the sensitivity was checked at several places in the domain using �nite di�erence. These results
can be found in Table IV.D.3. As the table shows, the agreement with �nite di�erence is generally good and
the disagreement is most likely caused by the limitations of �nite di�erence.

In addition to using the exact adjoint, the same adjoint used for the geometric and parameter sensitivities
was used to calculate the sensitivity to viscosity. This approximate adjoint produced results nearly identical
to the sensitivities computed using the true adjoint. For comparison, the approximate adjoint results are
included in Figures 18 and 19 and Table IV.D.3. This outcome is promising as it opens up the possibility of
using the same adjoint for all classes of design variables.

V. Conclusion and Future Work

In this paper, the use of the discrete adjoint to calculate sensitivity derivatives for viscous hypersonic
ows was demonstrated. This work is performed within the context of a two dimensional cell-centered �nite
volume code and uses both a perfect gas and real gas model. For the perfect gas model, the code produces
ow solutions which are nominally second order accurate and compare well with the results produced by
LAURA and FUN2D. Additionally, real gas results were presented and compared reasonably with the results
produced by LAURA. In order to demonstrate the applicability of the discrete adjoint procedure to viscous
hypersonic ows, the sensitivities of integrated surface heating to di�erent design variables were computed.
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Figure 18. Sensitivity of surface heating to viscosity along the stagnation streamline

Figure 19. Sensitivity of surface heating to viscosity at 45 degrees

Table 4. Sensitivity of surface heating to viscosity at faces throughout the domain

Face Exact Adjoint Approximate Adjoint Finite Di�erence (" = 10�3)
1 -10.149 -10.044 -9.691

1001 4:266� 10�8 1:149� 10�7 �4:654� 10�4

2001 4:343� 10�3 5:525� 10�3 3:766� 10�3

3001 �2:166� 10�3 �1:218� 10�2 �1:055� 10�2

4001 �3:185� 10�2 1:353� 10�2 8:466� 10�4

5001 5:667� 10�2 6:492� 10�2 6:989� 10�4

6001 1:176� 10�2 1:361� 10�2 1:610� 10�4

7001 2:506� 10�3 2:344� 10�3 1:082� 10�4
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Initially, geometric sensitivities were examined for both the perfect gas and real gas models. Secondly,
sensitivities of surface heating to a variety of parameters within the physical models were calculated. For the
perfect gas model, the sensitivity with respect to  was calculated. For the real gas model, the sensitivities
to parameters relating to reaction rates, energy coupling and transport were calculated. When fractional
changes of objective to fractional changes of input were compared, it was found that surface heating was most
a�ected by transport parameters. It was also found that for this case, the reactions of greatest importance to
surface heating were those governing the formation and breakdown of Nitrous Oxide and the recombination
of oxygen. These sensitivities were validated using �nite di�erence and showed good agreement. Finally, the
sensitivity of an objective to a local �eld quantity was determined. For these calculations, the sensitivity to
viscosity throughout the domain was calculated. Eventually, this local variable sensitivity may be used for
uncertainty quanti�cation or model adaptation.

Unfortunately, the adjoint approach outlined in this paper is limited in that it provides only a local
estimate of the sensitivity derivative and may not properly account for nonlinear changes in sensitivity due
to other input parameters.1 In order to expand the applicability of these sensitivity derivatives, higher order
terms, such as the sensitivity Hessian, will be included in the analysis.23 Including these higher order terms
should expand the range over which the adjoint approach is applicable. Additionally, in an attempt to
capture the strengths of both approaches, hybrid sensitivity/sampling based techniques may be explored.
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VII. Appendix

Table 5. Sensitivity of surface heating to reaction parameters compared with �nite di�erence

Parameter Parameter Value Adjoint ( dL
dD ) FD (" = D � 10�3) Fractional Sensitivity (

dL=L
dD=D

)

N2+O2 Dis 1.90E+017 7.27E-023 8.21E-023 3.17E-007
N2+NO Dis 1.90E+017 3.46E-022 3.58E-022 1.51E-006
N2+N Dis 4.09E+022 1.75E-026 1.98E-026 1.64E-005
N2+O Dis 1.90E+017 3.34E-021 3.41E-021 1.45E-005
N2+N2 Dis 4.70E+017 5.94E-021 6.04E-021 6.40E-005
O2+O2 Dis 3.24E+019 2.15E-022 2.16E-022 1.59E-004
O2+NO Dis 3.60E+018 6.41E-022 6.44E-022 5.29E-005
O2+N Dis 3.60E+018 4.36E-022 4.42E-022 3.60E-005
O2+O Dis 9.00E+019 4.27E-021 4.40E-021 8.82E-003
O2+N2 Dis 7.20E+018 8.07E-021 8.15E-021 1.33E-003
NO+O2 Dis 3.90E+020 6.36E-025 6.46E-025 5.68E-006
NO+NO Dis 7.80E+021 2.98E-024 2.99E-024 5.32E-004
NO+N Dis 7.80E+021 2.43E-024 2.49E-024 4.34E-004
NO+O Dis 7.80E+021 2.78E-023 2.87E-023 4.98E-003
NO+N2 Dis 3.90E+020 4.89E-023 4.95E-023 4.37E-004

NO formation (f) 7.00E+013 7.30E-015 7.63E-015 1.17E-002
NO breakdown (f) 3.20E+009 1.28E-010 1.32E-010 9.42E-003

N2+O2 Recom 1.10E+016 2.09E-023 4.64E-022 5.27E-009
N2+NO Recom 1.10E+016 9.04E-022 1.33E-021 2.28E-007
N2+N Recom 2.27E+021 5.01E-024 4.98E-024 2.60E-004
N2+O Recom 1.10E+016 1.20E-019 1.20E-019 3.04E-005
N2+N2 Recom 2.72E+016 1.83E-019 1.82E-019 1.14E-004
O2+O2 Recom 2.70E+016 2.89E-018 2.89E-018 1.79E-003
O2+NO Recom 3.00E+015 5.99E-019 6.01E-019 4.12E-005
O2+N Recom 3.00E+015 7.80E-019 7.79E-019 5.36E-005
O2+O Recom 7.50E+016 1.93E-017 1.93E-017 3.32E-002
O2+N2 Recom 6.00E+015 4.06E-017 4.06E-017 5.58E-003
NO+O2 Recom 1.00E+020 1.59E-025 2.18E-025 3.65E-007
NO+NO Recom 2.00E+021 1.15E-024 1.13E-024 5.26E-005
NO+N Recom 2.00E+021 2.69E-023 2.68E-023 1.23E-003
NO+O Recom 2.00E+021 1.86E-022 1.87E-022 8.53E-003
NO+N2 Recom 1.00E+020 2.87E-022 2.86E-022 6.58E-004

NO formation (b) 1.56E+013 -3.22E-014 -3.13E-014 -1.15E-002
NO breakdown (b) 1.30E+010 -2.96E-011 -2.93E-011 -8.83E-003
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Table 6. Sensitivity of surface heating to energy coupling parameters compared with �nite di�erence

Parameter Parameter Value Adjoint ( dL
dD ) FD (" = D � 10�3) Fractional Sensitivity (

dL=L
dD=D

)

O2 T-Tv coupling �t 1.29E+002 -3.31E-005 -2.75E-005 -9.80E-005
NO T-Tv coupling �t 1.68E+002 -4.32E-005 -3.76E-005 -1.66E-004
N2 T-Tv coupling �t 2.20E+002 -3.55E-003 -3.55E-003 -1.79E-002

Table 7. Sensitivity of surface heating to transport parameters compared with �nite di�erence

Parameter Parameter Value Adjoint ( dL
dD ) FD (" = D � 10�3) Fractional Sensitivity (

dL=L
dD=D

)

O2 Transport-1 4.49E-002 7.72E+001 7.69E+001 7.95E-002
O2 Transport-2 -8.26E-002 1.06E+001 1.06E+001 -2.00E-002
O2 Transport-3 -9.20E+000 1.45E+000 1.45E+000 -3.06E-001
NO Transport-1 4.36E-002 1.35E+001 1.34E+001 1.35E-002
NO Transport-2 -3.36E-002 1.76E+000 1.76E+000 -1.36E-003
NO Transport-3 -9.58E+000 2.31E-001 2.31E-001 -5.06E-002
N Transport-1 1.16E-002 1.22E+001 1.21E+001 3.24E-003
N Transport-2 6.03E-001 1.46E+000 1.46E+000 2.02E-002
N Transport-3 -1.24E+001 1.75E-001 1.75E-001 -4.99E-002
O Transport-1 2.03E-002 2.94E+002 2.94E+002 1.37E-001
O Transport-2 4.29E-001 3.69E+001 3.69E+001 3.63E-001
O Transport-3 -1.16E+001 4.64E+000 4.64E+000 -1.23E+000
N2 Transport-1 2.68E-002 9.26E+002 9.34E+002 5.69E-001
N2 Transport-2 3.18E-001 1.19E+002 1.19E+002 8.68E-001
N2 Transport-3 -1.13E+001 1.54E+001 1.54E+001 -4.00E+000
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