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An adjoint-based optimization procedure is proposed for improving the robustness and
extending the range of linear-elasticity-based mesh deformation techniques. Using the
values of the modulus of elasticity E defined in each mesh cell as the design variables, the
procedure seeks to determine an optimum distribution of E throughout the mesh, in order
to minimize a global objective function which reflects the skewness or lack of quality of
the deformed mesh. The technique is applied to highly-stretched mixed element meshes in
two and three dimensions on complex geometries, and is shown to be capable of recovering
a valid mesh in a small number of optimization cycles for cases where the non-optimized
linear-elasticity approach fails. However, the solution of the optimization problem remains
relatively costly in terms of cpu time, compared to a non-optimized mesh deformation
calculation, making this technique best suited for precomputing improved E distributions
prior to the simulation, or for use as a plug-in module to be invoked in cases where the
non-optimized procedure fails.

I. Introduction

Unstructured mesh approaches have become well established for numerical flow simulations due to the
flexibility they afford for dealing with complex geometries. For problems involving moving boundaries, such
as unsteady aeroelastics, control surface deflection problems, and shape optimization problems, robust mesh
deformation techniques are necessary for maintaining a suitable discretization of the evolving computational
domain. Several mesh-deformation strategies, such as the tension spring analogy,2,18 the torsion spring
analogy3,13 and the linear elasticity analogy,1,14 have been successfully demonstrated in the literature.
These methods are designed to produce a valid mesh given a set of prescribed boundary displacements, by
recomputing new mesh-point coordinates without the addition/deletion of new mesh points, and without
altering the connectivity or topology of the mesh. However, all these methods will eventually fail given
large enough boundary displacements, since the original mesh topology cannot be retained indefinitely. On
the other hand, resorting to mesh reconnection and refinement/derefinement schemes adds considerable
complexity to any numerical simulation procedure, since this generally entails load balancing operations,
changing discretization stencils, and introduces non-differentiable procedures into the simulation process,
which presents difficulties when linearizations are required, as may be the case for sensitivity analysis within
the context of error analysis or shape-optimization problems. Thus, it is important to develop robust mesh
deformation strategies which enable the retention of the mesh connectivity for a wide range of problems.

The various mesh deformation methods mentioned above contain a series of model parameters (i.e.
spring stiffness, modulus of elasticity) which can be modified to increase the robustness of these schemes.
For example, in the context of the linear spring analogy approach, the spring stiffnesses are often taken as
inversely proportional to the length of the mesh edge raised to some power p.18 For the linear elasticity
approach, the modulus of elasticity is often taken as inversely proportional to the cell volume.6,19,20 This
formulation of the linear elasticity approach has been found to be particularly robust, since by design, the
linear elasticity approach is capable of reproducing solid body motion (translation and rotation) for stiff
regions (high modulus of elasticity E). Thus, critical small-cell regions are displaced with little or no relative
deformation or strain, and the most severe deformations are relegated to less critical regions of the mesh
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which can sustain more strain. Alternate prescriptions, such as taking the modulus of elasticity E inversely
proportional to the distance from the moving wall have also been found to work well in various cases.20

For cases which fail, further robustness improvement can be obtained by modifying the E distribution
in regions where poor mesh quality is detected. For example, one approach may consist of prescribing very
large values of E at cells which become negative through the deformation process, or alternatively, updating
the E values as inversely proportional to the deformed cell volumes while progressively deforming the mesh
in a sequence of small steps. One of the drawbacks of this approach is that the mesh deformation equations
become non-linear, while the prescription of E as inversely proportional to cell volume remains somewhat
arbitrary.

Alternatively, one may ask what is the ”best” distribution of E which will result in the highest quality
deformed mesh, or which will enable the retention of a valid mesh (positive volume cells) under the largest
surface displacements. Once this optimal distribution is determined, the linear mesh deformation problem
may be solved to obtain the new deformed mesh. The determination of the best E distribution corresponds
to an optimization problem, where the values of E in each mesh cell constitute the design variables, and
the objective consists of some description of global mesh quality. Adjoint methods are well suited for these
types of optimization problems, which involve a single objective function, and a large number of design
variables.5,11,12,14 In this work, we propose an adjoint-based optimization procedure for determining an
optimum or improved E distribution for the linear elasticity mesh deformation approach, which results in
a more robust mesh deformation strategy. One advantage of this approach is that it no longer relies on
the arbitrary prescription of E as inversely proportional to the cell volume or the distance from the wall.
Furthermore, the mesh deformation problem remains linear, and once the optimum E distribution has been
determined, the efficiency of the previously developed linear mesh deformation solver is retained. On the other
hand, the optimum E distribution is found to depend on the particular prescribed boundary displacement,
and, as will be shown, the solution of the optimization problem is generally non-trivial, thus reducing
some of the perceived advantages of this approach over the previously mentioned non-linear formulation.
However, the resulting E distributions can be expected to result in a more robust mesh deformation process.
Furthermore, these optimal E distributions may be precomputed for the most severe mesh deformation cases,
and then used subsequently for intermediate steps in the linear mesh motion solution process, thus reducing
the overall cost.

In this paper, we formulate an adjoint-based optimization problem for improving the robustness of linear-
elasticity mesh deformation techniques, and demonstrate this approach on various complex configurations.
In the following section, we first outline the linear-elasticity mesh deformation strategy. We then formu-
late the optimization problem for improving the robustness of the mesh deformation strategy, including the
formulation of the adjoint problem, a suitable objective, and techniques for carrying out the optimization.
Solution of the optimization problem can be particularly challenging, given the large number of design vari-
ables (three-dimensional set corresponding to millions of mesh cells). Thus, considerable effort must be
expended on devising a suitable convex objective function, and using efficient optimization procedures. Fi-
nally, one two-dimensional and two three-dimensional test cases are presented to demonstrate the robustness
and efficiency of the adjoint-optimized mesh deformation method.

II. Mesh Deformation Strategy

The linear elasticity approach has been demonstrated by various authors1,6, 14 as a robust technique for
computing dynamically deforming meshes. The motion of the computational mesh is assumed to obey the
linear elasticity equations, which can be written as:

∂σij

∂xi
= −fj , σ = Dε, ε = Aδx (1)

where, D is the constitutive matrix, which is a function of modulus of elasticity E. In three dimensions, the
stresses σij , strains εij , and displacements δx are given as:

σ = {σ11, σ22, σ33, σ12, σ23, σ31}T
, ε = {ε11, ε22, ε33, ε12, ε23, ε31}T , δx =

{
δx1 δx2 δx3

}T

By introducing the shape functions M , taken as linear functions over the mesh elements in our case, and
applying a standard Galerkin method, we obtain

Kδx = F (2)
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where
K =

∫
Ω

BT DBdS, F = −
∫

Ω

MT fdS, B = AM (3)

In the mesh deformation case, the boundary displacements are given, so that the external forces fj , of the
force vector F are not required. Rather, the homogeneous problem Kδx = 0 is solved, subject to Dirichlet
conditions on the δx displacement vector. Hence equation (2) can be rewritten as:

Kδx = F(xb) (4)

where xb is the boundary displacement vector and F(xb) is a function of xb. Note that the stiffness matrix
K = K(E) is a function of the E values in each cell, as seen from equation (3). One advantage of the linear
elasticity approach, is that regions of large E (modulus of elasticity) will be displaced as a solid body. Thus,
an appropriate prescription of the distribution of E can be used to avoid severe mesh deformation in critical
regions of the mesh. In previous work, we have employed a distribution of E which is inversely proportional
to the cell volume and/or to the distance from the deforming boundaries.6,19 This turns out to be critical
for avoiding invalid mesh cells in small cell regions and in regions near the boundaries.

While a distribution of the modulus E which is inversely proportional to the cell volume or to the distance
from the deforming boundaries can minimize distortion for cells in critical near-body regions, negative volume
cells may appear in unexpected regions of the domain for particular prescribed boundary displacements. An
example is given in Figures 4a for the spoiler deflection problem discussed subsequently. Thus, a modulus
distribution which not only prevents the cells near the body from becoming negative but also keeps other
cells valid as the mesh deforms is crucial in order to take full advantage of the linear elasticity analogy.
In the next section, we discuss the implementation of the adjoint approach for producing a more optimal
distribution of E, and resulting in a more robust mesh deformation strategy.

III. Adjoint-Based Optimization Procedure

In order to formulate the optimization problem for improving the robustness of linear-elasticity based
mesh deformation methods, we must construct a suitable objective to be minimized, determine an efficient
approach for computing the sensitivities of this gradient with respect to the design variables or model
parameters, and make use of an efficient and practical optimization technique for obtaining an improved set
of model parameters.

As opposed to shape optimization problems, where the design variables are used to define the shape
of the geometry (usually two-dimensional), the set of design variables for the mesh optimization problem
constitutes a three-dimensional set which involves the value of the modulus of elasticity in each mesh cell.
Thus, the number of design variables will typically exceed several million, making the use of an adjoint-based
approach imperative for gradient-based optimization methods. Additionally, a single objective function is
desirable for the adjoint method, which accurately reflects the overall quality of the mesh and increases
rapidly when negative volume cells are created. While the formulation of the adjoint problem is relatively
straight-forward, the success of the mesh optimization problem in terms of robustness and efficiency depends
critically on the choice of a suitable objective function, a good initial distribution of model parameters, and
a robust optimization strategy.

A. Objective Function

The mesh-deformation optimization problem is defined as minimizing an objective function L by varying
the modulus of elasticity Ei in each cell i, thus treating the Ei as the design variables in an optimization
framework. The objective function is designed in such a way that minimizing the objective function L will
produce valid cells with minimal distortion in the deforming mesh. The objective function L is defined as a
function of the cell volumes V:

L = L(V) (5)

The construction of a suitable objective function for mesh-deformation optimization problems represents a
non-trivial task. The objective should be representative of global mesh quality, and should increase rapidly
for vanishing cell volumes. Additionally, the objective should be a convex function of the design variables in
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order to facilitate the optimization procedure. For two-dimensional problems, the objective function given
by

L =
N∑

i=1

Li and Li =


a−
bn
−

(ξi − 1)n if ξi ≤ 0
a+
bn
+

(ξi − 1)n if ξi ≥ 0
(6)

has been found to be suitable for a wide range of problems, while the form given by

L =
N∑

i=1

Li and Li = ea(ξi−1)n

− 1 (7)

has been used for three-dimensional problems. In the above equations, N is the total number of the design
variables, a−, b−, a+, b+, a and n are the control coefficients and n is set to an even positive number. The
parameter ξi in each cell is defined as ξi = Vi

V0i
, where V0i and Vi are the volume of the ith cell before and

after the deformation, respectively. Figure 1 provides an illustration of the objective functions described in
equations (6) and (7). When ξi equals unity, which corresponds to Vi = V0i, Li vanishes. When ξi approaches
zero, which means the volume Vi approaches zero, Li become very large. The objective function is designed
in such a way that the cell volume Vi is pushed towards the original cell volume V0i when the objective
function is minimized by varying the design variables, thus avoiding collapsed cells as the mesh deforms. It
should be noted that this optimization problem need not be completely convergent (i.e. the objective will
not be reduced to zero) because cells usually cannot retain the same volume as the mesh is deformed.

B. Adjoint Method

For a gradient based optimization strategy, we need to compute the sensitivity of the objective function with
respect to all the design variables or model parameters, which in this case are the moduli of elasticity for
each mesh cell. Because we will generally have millions of design variables, the adjoint method is used to
compute these sensitivities. We consider the volume V of a deformed mesh cell as a function of mesh point
displacements δx and the initial coordinates of the mesh points x0:

V = V(x0 + δx) (8)

According to equation (4), the mesh deformations δx are a function of the prescribed boundary deformations
xb, the coordinates of the initial mesh configuration x0 (which appears through the shape functions M), and
the moduli of elasticity Ei, since different distributions of E will lead to a different stiffness matrix K(E)
and thus different mesh displacements. Therefore, the mesh displacements can be written in the following
functional form:

δx = δx(E, δxb,x0) (9)

which can be computed by solving the mesh motion equation

K(E)δx = F(δxb) (10)

The modulus coefficients E are the design variables and equation (5) can therefore be rewritten as

L = L(E) (11)

A variation in the design variables δE produces a corresponding variation of the objective δL as

δL =
dL
dE

δE (12)

where the sensitivity derivative may be calculated (using equations (5) and (8)) as:

dL
dEi

=
dL
dV

dV
d(δx)

∂(δx)
∂Ei

(13)
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By differentiating equation (10) with respect to the ith design variable, we obtain

dK
dEi

(δx) + K
∂(δx)
∂Ei

= 0 or
∂(δx)
∂Ei

= −K−1 dK
dEi

(δx) (14)

where Ei is ith component of the vector E associated with cell i. Substituting equation (14) into equation
(13), we get:

dL
dEi

= − dL
dV

dV
d(δx)

K−1︸ ︷︷ ︸
ΛT

dK
dEi

(δx) (15)

Defining ΛT = − dL
dV

dV
d(δx)K

−1, we obtain the adjoint equation, which must be solved as:

KT Λ = −
(

dL
dV

dV
d(δx)

)T

(16)

In equation (16), dL
dV can be easily obtained by differentiating equation (6) or (7). Additionally, using the

equality:
dV

d(δx)
=

dV
d(x0 + δx)

=
dV
d(x)

(17)

the last term in equation (16) corresponds to the derivative of the deformed mesh cell volume with respect to
the mesh coordinates, using the deformed mesh coordinates. This can easily be evaluated from the formulae
used to compute the cell volumes. For example, the area of a two-dimensional triangle can be computed as:

V =
1
2
(c1b3 − c3b1) (18)

where b1 = y2 − y3, b2 = y3 − y1, b3 = y1 − y2, c1 = x3 − x2, c2 = x1 − x3, c3 = x2 − x1 using a
cyclical indexing system i = 1, 2, 3 for the three vertices of the triangle. The required derivatives are then
given as:

dV

d(δx)
= {b1, c1, b2, c2, b3, c3}T (19)

For a three-dimensional tetrahedron, pyramid, prism or hexahedron, the volume may be computed as

V =
q∑

i=1

widetJi (20)

where, wi and Ji are the ith weight function and Jacobian matrix, respectively, and q is the number of
quadrature points. Then the required derivatives are given as:

dV

d(δx)
=

q∑
i=1

wi
d(detJi)

dx
(21)

Note that the dV
d(δx) term is nominally a sparse matrix of size ncells×3 ·npoints, where ncells represents the

number of cells in the mesh, and npoints denotes the number of mesh vertices, although only the locations
corresponding to the vertices which constitute the corner points of a given element are non-zero. These terms
can be assembled on the fly, and the resulting product dL

dV
dV

d(δx) consists of a vector of length 3 · npoints,
as required to make equation (16) dimensionally correct. Once the adjoint equation has been solved (c.f.
equation (16)), the final sensitivity derivatives for all design variables can be obtained by performing the
matrix vector multiplication:

dL
dEi

= ΛT dK
dEi

(δx) (22)

In practice, the calculation of the sensitivities, which must be performed at each design iteration, requires
the solution of one mesh deformation problem (c.f. equation (10)), and one mesh adjoint problem (c.f.
equation (16)). The solution of the mesh motion problem yields the values of the mesh point displacements
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δx, which are required both in equation (22) and for determining the right-hand side of the adjoint problem
in equation (16). Next, the adjoint problem is solved, after which all terms are available for evaluating
the right-hand-side of equation (22). The dK

dEi
term in this equation is easily obtained by differentiating

the functional form of the stiffness matrix. Although this term represents a sparse matrix of dimension
3 · npoints× 3 · npoints× ncells, only the terms corresponding to the corner points of a given cell are non-
zero, and the matrix need not be evaluated explicitly. Rather, the complete sequence of matrix-vector
products is assembled on an element basis, gathering the values from the corner points of each element,
and scattering/accumulating the results back to these points. The final result consists of a vector of length
ncells, as required to make the equation dimensionally consistent.
Rewriting equation (22) as:

dL
dEi

= ΛT dK
dEi

(δx) = ΛT dK
dEi

K−1F(δxb) (23)

clearly shows that the sensitivities required for the optimization problem depend on the particular prescribed
boundary displacement δxb. Thus, different boundary displacements can be expected to result in different
optimum E distributions. Furthermore, although we retain the linear form of the mesh motion equations, and
the mesh adjoint equation is by definition a linear problem, the optimization problem itself (i.e. L = L(E))
is highly non-linear.

C. Optimization Methods

The optimization procedure consists of finding the distribution of E which minimizes the objective function
L. At the kth iteration, the new distribution Ek+1 is computed as:

Ek+1 = Ek + λkpk or ∆Ek = λkpk (24)

where λk and pk are the step length and the search direction, respectively. The steepest descent method
represents a simple optimization algorithm17 which has been used successfully for aerodynamic shape op-
timization.5 In this approach, the search directions pk are taken as −

(
dL
dE

)
k
. Once the objective function

sensitivities
(

dL
dE

)
k

have been computed using the method described above, an increment in the design
variables is prescribed as:

∆Ek = −λ
˜(

dL
dE

)
k

(25)

where λ is a small time step determined empirically, and ˜(
dL
dE

)
k

is the smoothed gradient
(

dL
dE

)
k
. The

advantage of the steepest descent method is its simplicity and suitability for optimization problems with
large number of design variables. However the convergence speed of the steepest descent method was found
to be very slow for the mesh optimization problems discussed in this paper. A better choice of the step length
λ or the search directions pk can be used to help accelerate the convergence of the optimization problem.
To this end, a line-search method4,17 has been implemented to compute an appropriate step size λ within
the steepest descent approach. Defining a function

φ(λ) = L(Ek + λpk) (26)

we attempt to find a step length λ which minimizes the function φ, or satisfies the Wofe condition (sufficient
decrease condition):17

L(Ek + λkpk) ≤ L(Ek) + c1λk

(
dL
dE

)T

k

pk (27)

where c1 is a constant and 0 < c1 < 1. Considering equation (26), the sufficient decrease condition (c.f.
equation (27)) can be rewritten as

φ(λk) ≤ φ(0) + c1λkφ′(0) (28)

where φ′(0) =
(

dL
dE

)T

k
pk. If an initial guess λ0 satisfies equation (28), then we set λk = λ0. Otherwise, a

quadratic function is constructed using the values of φ(0), φ′(0) and φ(λ0):

φq(λ) = aqλ
2 + bqλ + cq (29)
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where the coefficients aq, bq and cq are determined by φq(0) = φ(0), φ′q(0) = φ′(0) and φq(λ0) = φ(λ0). A
new step length λq can be found in [0, λ0] by minimizing the quadratic function (29):

λq = − φ′(0)λ2
0

2(φ(λ0)− φ(0)− φ′(0)λ0)
(30)

If λq satisfies equation (28), then let λk = λq. Otherwise, a cubic function is constructed using the values of
φ(0), φ′(0), φ(λ0) and φ(λq):

φc(λ) = acλ
3 + bcλ

2 + ccλ + dc (31)

where the coefficients ac, bc, cc and dc are determined by φc(0) = φ(0), φ′c(0) = φ′(0), φc(λ0) = φ(λ0) and
φc(λq) = φ(λq). By minimizing equation (31), a new step length λc in [0, λq] is given by:

λc =
−bc +

√
b2
c − 3acφ′(0)
3ac

(32)

The algorithm described above is the so-called the cubic interpolation algorithm and is used in this paper to
compute the step size λ. Additional details for the cubic interpolation algorithm can be found in references4,17

Convergence of the optimization problem can also be improved using more sophisticated algorithms for
computing improved search directions pk. In the BFGS algorithm,4,17 the search directions pk in equation
(24) are computed as:

pk = −Bk

(
dL
dE

)
k

(33)

where Bk is the inverse Hessian matrix and the size of Bk is N × N , where N is the number of design
variables, which is typically of the order of several million. Storage of the N ×N inverse Hessian matrix Bk

is thus not practical for such large optimization problems. Therefore, we have also investigated the use of
the limited memory BFGS method (LBFGS) presented by Liu and Nocedal,7 since this approach does not
require the storage of the Hessian matrix. Instead, an approximate inverse Hessian matrix B is computed
at every iteration using m vector pairs {si, yi}:7

Bk = (YT
k−1 · · ·YT

k−m)B0
k(Yk−m · · ·Yk−1)

+ ρk−m(YT
k−1 · · ·YT

k−m+1)sk−msT
k−m(Yk−m+1 · · ·Yk−1)

...
+ ρk−1sk−1sT

k−1

(34)

where sk = Ek − Ek−1, yk =
(

dL
dE

)
k
−

(
dL
dE

)
k−1

, ρk = 1
yT

k
sk

and Yk = I− ρkyksT
k . The initial Matrix B0

k is
a diagonal matrix and

B0
k =

yT
k sk

‖yk‖2
I (35)

By storing the m previous values of the vectors {si, yi}, the matrix Bk can be computed at each iteration
implicitly. According to Liu and Nocedal,7 m is taken in the range 3 ∼ 25. In our computations, the value
m = 5 is used. The search directions pk = −Bk

(
dL
dE

)
k

are then computed by a sequence of inner products
si, yi and

(
dL
dE

)
k
. Further details on the LBGFS algorithm and the computation of Bk

(
dL
dE

)
k

are given by
Noceal.16

IV. Mesh Motion and Adjoint Solution Strategies

As mentioned previously, each design iteration involves the solution of one mesh motion problem (c.f.
equation (10)) and one mesh adjoint problem (c.f. equation (22)). As with any optimization problem,
two techniques are required to minimize the overall cost of the optimization. On the one hand, the use
of sophisticated optimization algorithms such as the LBFGS method described above17 are used to reduce
the overall number of design cycles. On the other hand, the cost of each design cycle can be reduced by
employing efficient solvers for the mesh motion and adjoint problems.

In previous work, we have demonstrated the use of agglomeration multigrid methods and line-implicit
preconditioning, originally developed for accelerating the solution of the discretized flow equations,9,10 for
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accelerating the solution of the mesh motion equations using either the spring analogy or the linear elasticity
analogy.19,20 In the current work, we use these techniques for efficiently solving the mesh motion equations,
as well as the mesh adjoint equations.

The idea of a multigrid algorithm is to accelerate the solution on a fine grid by iteratively computing
corrections to the fine grid problem on coarser grid levels where the cost of the iterations are lower, and the
global error components are more easily reduced. For unstructured meshes, coarse multigrid levels can be
constructed by grouping together or agglomerating fine level control volumes into a smaller set of coarser
level control volumes, as shown in Figures 2a-b. Figure 2a shows the initial fine grid and the dual control
volumes which are constructed around each mesh point, while Figure 2b shows the second level coarse grid
where each coarse level control volume is a combination of several fine level control volumes.

For high-Reynolds number viscous flows, when highly stretched meshes are required to capture the
thin boundary layer regions near the wall, the effectiveness of the multigrid approach degrades due to the
anisotropic stiffness induced by the grid stretching. To relax this stiffness, an implicit line-solution technique
was introduced in Reference.10 The lines are constructed along the strong coupling direction in the mesh, as
shown by the example depicted in Figure 2c for an unstructured mesh about a NACA0012 airfoil. In these
regions, a block tridiagonal algorithm is used to solve all quantities along each line implicitly, thus replacing
the simple explicit approach on all grid levels of the multigrid scheme.

A linear variant of the line-implicit agglomeration multigrid scheme is used to solve the mesh motion and
adjoint problems, both of which are linear problems. While in theory, a duality preserving implementation
of the multigrid algorithm can be used to guarantee similar convergence rates between the mesh motion
and adjoint problems,11,12,15 in practice the same multigrid solver is used on both problems, and similar
convergence rates are generally observed for both problems, achieving suitable convergence in 50 to 100
multigrid cycles.

V. Results and Discussion

Our first test case consists of a two-dimensional airfoil-spoiler configuration, which is a simplified model
of a three-dimensional wing-body-spoiler configuration. The unstructured mesh is a viscous mesh with high
stretching near the body, which includes approximately 8,700 vertices and 17,000 triangles, as shown in
Figure 3. Figure 4a shows the deformed mesh generated by the linear elasticity analogy, with a modulus of
elasticity prescribed as inversely proportional to the cell volume, as the spoiler rotates downwards 40 degrees.
A region of invalid cells is clearly visible in the region between the spoiler and the airfoil, where the original
cell sizes are not particularly small. The original modulus distribution (inversely proportional to the cell
volume or the distance from the wall) is inadequate for preventing the volume of these cells from becoming
negative. The objective function used in this case is that given by equation (6). The coefficients are set as:
a− = a+ = 0.1, b− = b+ = 0.5, and n = 4. The optimization procedure acts by identifying the influence
of these areas on the global objective, and increasing the critical local modulus (E) variables accordingly.
Figure 4b shows the mesh generated using the optimal distribution of the modulus E, as determined by the
optimization procedure, illustrating the elimination of all negative volume cells. Figures 5a and 5b depict the
initial and final modulus E distributions, demonstrating how the optimization process results in increased E
values in the region of collapsing mesh cells between the spoiler and the airfoil, thus eliminating the invalid
cells produced with the original prescribed E distribution.

Figure 6a shows the convergence of the line-implicit multigrid algorithm for the mesh motion equations
and the mesh adjoint equations, respectively. Both problems converge at similar rates, and the residuals
are reduced by approximately 8 to 10 orders of magnitude in 100 multigrid cycles for both problems in this
case. Figure 6b compares the performance of the various optimization algorithms in recovering a valid grid,
by plotting the minimum cell volume versus the number of design cycles. The LBFGS method produces
a valid grid (recovering all negative cells) in 6 design iterations, whereas the steepest descent method with
the line-search algorithm has not completely eliminated all negative cells after 18 iterations. The steepest
descent method with constant λ produces an almost flat cure, indicating that this approach is impractical,
since a very large number of design iterations are needed to eliminate all invalid cells. In these plots, a
design iteration is defined as a mesh motion and adjoint solution because the time spent in the optimization
algorithm is trivial compared to the time required for the mesh motion and adjoint solutions.

The second test case consists of a three-dimensional landing-gear configuration, which includes approx-
imately 600,000 grid points and 1.4 million cells. The unstructured grid consists of a viscous hybrid mesh,
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which contains mixtures of tetrahedra, pyramids and prisms. Figure 7a shows the surface mesh of the
landing-gear configuration. A twisting motion, as depicted in Figure 7b, is prescribed on the geometry in or-
der to test the mesh deformation procedure. For a twisting angle of 12 degrees, the deformed mesh computed
by the linear elasticity approach with a modulus of elasticity E prescribed as inversely proportional to the
cell volume, results in 121 negative volume cells in the region between the two converging wheel geometry
boundaries, as depicted in Figure 7c.

For the optimization problem, the objective function used in this case is given by equation (7). The
coefficients are set as: a = 5 and n = 2. Figure 8a shows the convergence of the multigrid algorithm for the
mesh motion equations and the mesh adjoint equations, where the residuals for both problems are reduced
by five orders of magnitude in approximately 50 line-implicit multigrid cycles. In Figure 8b the LBFGS
optimization algorithm is seen to result in a valid mesh in 10 design iterations, while the steepest descent
method with the line-search algorithm eliminates all negative cells in 20 iterations. The steepest descent
method with constant step size λ fails to produce a valid mesh after 30 iterations.

The final test case is a more complicated three-dimensional wing-body-flap-engine configuration, which
consists of a fuselage, main wing, leading-edge slat, double slotted trailing-edge flaps, and a nacelle-pylon
configuration, as shown in Figure 9. The unstructured mesh is a highly stretched viscous hybrid mesh which
consists of approximately 3 million grid points and a total of 11 million cells (tetrahedra, pyramids and
prisms). There are many small gaps between the leading/trailing-edge flaps and the main wing, as shown
in Figure 9. A twisting motion is prescribed on the main wing-flap assembly, while the trailing-edge flap is
also prescribed a 10 degree pitching motion, as shown in Figure 10. The deformed mesh generated by the
linear elasticity approach with the modulus E prescribed as inversely proportional to the cell volume results
in a total of 46 negative volume cells in the flap gap region, as shown in Figure 11.

The objective function used for the optimization problem in this case is given by equation (7). The
coefficients are set as: a = 1 and n = 2. Figure 12a depicts the convergence of the line-implicit multigrid
algorithm for the mesh motion equations and the mesh adjoint equations, where the residuals of the mesh
motion equations are reduced by 6 orders of magnitude over 150 multigrid cycles, while the residual for the
mesh adjoint equations are reduced by approximately 2.5 orders of magnitude over 150 multigrid cycles. The
slower convergence of the adjoint problem for this case is unexpected, although the overall impact on the
optimization problem was found to be minimal. In Figure 12b the LBFGS algorithm recovers a valid grid
in 6 design iterations, while the steepest descent approach with the line-search algorithm fails to recover a
valid mesh after 15 design cycles.

In the above examples, one design cycle or optimization iteration represents a single mesh motion and
mesh adjoint solution. For the line-search and LBFGS algorithms, these function calls may be used either
to update the E distribution, or to improve the step size and search direction estimates. For each design
iteration, the time spent in the optimization algorithm is trivial compared to the time required for the mesh
motion and adjoint solutions. The cost of a mesh adjoint solution is equivalent to the cost of a mesh motion
solution, since both problems contain the same number of unknowns and converge at similar rates. From the
above test cases, the LBFGS algorithm is seen to require of the order of 5 to 10 design cycles to produce a
valid grid. Thus, the mesh optimization problem requires roughly one order of magnitude additional cpu time
over a single linear elasticity mesh deformation calculation. In previous work,20 we have compared the cost
of solving the mesh deformation problem with the cost of solving an implicit time step for the flow equations,
using the line-implicit agglomeration multigrid algorithm for both problems. The mesh motion problem was
found to require between 20% and 35% of the cpu time required for the solution of the flow equations at an
implicit time step. Therefore, invoking the mesh optimization procedure at each implicit time step within an
unsteady flow calculation will not be practical. Rather, the mesh optimization procedure can be employed
as a plug-in module which is called at critical time steps in the simulation in order to repair the mesh when
negative volume or poor quality cells are detected. Alternatively, if the geometry motion is prescribed, an
optimal E distribution can be precomputed for the most severe deformation case and employed throughout
the simulation with the linear elasticity mesh deformation equations. For aeroelasticity problems, where the
geometry motion is computed as part of the solution, optimal E distributions may be computed for each
modal displacement, and linear combinations of these distributions may be formed during run time, based
on the modal response of the structure, or a multi-point optimization problem may be formulated.
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VI. Conclusion

An optimization procedure for linear-elasticity-based mesh deformation techniques has been formulated
and validated in this work. The technique seeks to compute an optimal distribution of the modulus of
elasticity used in the linear-elasticity analogy, in order to enhance the robustness and extend the range of
applicability of this mesh deformation techniques for large displacement cases.

Note that an alternate optimization approach would be to simply use the grid point coordinates as the
design variables in order to minimize the mesh deformation objective function, as proposed in reference.8

However, our approach of using a linear elasticity analogy and optimizing the distribution of E within this
framework is designed, on the one hand, to capitalize on the solid-body displacement preservation property
of the linear elasticity method for regions with high E. On the other hand, we are also able to start with a
good initial guess for the distribution of E (i.e. inversely proportional to the cell size, or distance from the
wall), which should make the optimization problem much more local and thus tractable, as compared to a
brute force approach based on grid point coordinates.

While our proposed optimization procedure is successful at removing distorted or negative volume cells
for difficult mesh deformation problems, the optimal E distributions depend on the imposed boundary
displacements, and the optimization procedure generally requires an order of magnitude more computational
effort than a simple linear-elasticity mesh deformation calculation. The optimization procedure is thus best
suited for use as a plug-in module which is invoked when the non-optimized mesh deformation approach fails,
or for precomputing optimal modulus of elasticity distributions which can be used in subsequent simulations.

Future work will concentrate on improving the efficiency of the solution of the optimization problem,
including the use of more powerful optimizers, experimentation with different objective functions, and the
effect of partially converging intermediate mesh motion and adjoint problems at intermediate design itera-
tions. The formulation of multi-point optimization problems for pre-computing optimal E distributions for
a range of possible mesh motion problems will also be investigated.
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Figure 1. (a) Illustration of the variation of the global objective function defined in equation (6) with respect
to the volume ratio ξ at a single cell using the parameter values a− = a+ = 0.1, b− = b+ = 0.5, n = 4. (b)
Illustration of the variation of the global objective function defined in equation (7) with respect to the volume
ratio ξ at a single cell using the parameter values a = 5 and n = 2.

(a) 1st level (b) 2nd level (c) implicit lines

Figure 2. Illustration of (a) fine mesh and dual control volume structure used for coarse level agglomeration
multigrid construction, (b) first coarse level agglomerated grid, and (c) line structures used in boundary layer
regions for implicit line solver.
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Figure 3. Illustration of initial two-dimensional unstructured mesh for spoiler deflection problem with high
stretching in boundary layer regions.
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Figure 4. (a) Deformed mesh for spoiler deflection problem using prescribed E distribution illustrating region of
invalid mesh cells, (b) Deformed mesh for spoiler deflection problem using optimized E distribution illustrating
recovery of valid mesh cells throughout the domain.
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Figure 5. (a) Prescribed modulus E distribution in deformed spoiler mesh, and (b) Optimized modulus E
distribution in deformed spoiler mesh.
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Figure 6. (a) Convergence history of line-implicit multigrid solver for mesh deformation and mesh adjoint
equations for two-dimensional spoiler deflection case and (b) Convergence of the various optimization strategies
for two-dimensional spoiler deflection case as measured by the number of optimization cycles requires to recover
mesh with fully positive volume cells.
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(a) (b)

(c)

Figure 7. Illustration of (a) initial and (b) deformed mixed element mesh (containing tetrahedral, prismatic
and pyramidal cells) on landing gear configuration and (c) location of negative cells for deformed mesh using
original prescribed modulus E distribution. Number of points = 600,000. Number of cells = 1.4 million.
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Figure 8. (a) Convergence history of line-implicit multigrid solver for mesh deformation and mesh adjoint
equations for three-dimensional landing-gear case and (b) Convergence of the various optimization strategies
as measured by the number of optimization cycles requires to recover mesh with fully positive volume cells.
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Figure 9. Illustration of surface mesh on complex wing-body-slat-flap-nacelle-pylon geometry and location of
critical gap regions. Hybrid mesh contains 3 million points and 11 million cells (tetrahedra, prisms, pyramids).
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(a) (b)

(c) (d)

Figure 10. Illustration of (a-b) wing twisting and (c-d) flap pitching motion imposed on geometry for mesh
deformation test case.
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(a) (b)

Figure 11. Location of negative cells produced by mesh deformation solution using prescribed modulus E
distribution.
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Figure 12. (a) Convergence history of line-implicit multigrid solver for mesh deformation and mesh adjoint
equations for three-dimensional complex wing-body-slat-flap-nacelle-pylon geometry (b) Convergence of the
various optimization strategies as measured by the number of optimization cycles requires to recover mesh
with fully positive volume cells.
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